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A B S T R A C T   

This study investigates soliton solutions to the (2 + 1)-dimensional space fractional Heisenberg ferromagnetic 
spin chain equation incorporating beta fractional derivatives that explain the nonlinear propagation of spin wave 
in the ferromagnetic material with magnetic interactions including the both classical and semi-classical frame
works. This model has applications in spintronics, plasma physics, magnet theory, and condensed matter physics. 
Employing the two-potential extended Kudryashov and (G′/G, 1/G)-expansion methods, we derive some original 
and generic solutions composed of trigonometric functions, hyperbolic functions, and their rational forms. For 
particular values of the parameters, these solutions offer V-shaped, bell-shaped, kink, periodic, flat kink, and 
singular periodic solitons. The physical behavior of these solitons is demonstrated through three-dimensional, 
contour, and two-dimensional plots. The results are important in the study of phase transitions in ferromag
netic materials, lattice vibrations in condensed matter, and the propagation of shock waves in plasma. This study 
also demonstrates the potential and reliability of the employed strategies.   

1. Introduction 

In recent times, numerous potent and competent studies have sur
faced, exploring nonlinear models across various engineering and 
physical disciplines, such as water waves, signal processing, plasma 
physics, condensed matter physics, optical fibers, quantum mechanics, 
and more.1–8 Understanding the nonlinear phenomena of a system re
quires the corresponding exact wave solutions. But the study of 
nonlinear models has been a significant challenge over the years. The 
resolution to this intriguing problem came with John Scott Russell’s 
discovery of solitary waves, a special type of traveling wave. Solitary 
waves exhibit notable virtues, including resilience, stability, and the 
capacity to maintain their shape and velocity even after interacting with 
others.9 Scholars have focused a great deal of attention on the unique 
characteristics of solitons, providing several strategies for generating 
soliton solutions to nonlinear models. 

The nonlinear fractional order evolution equations are the general
ization of integer-order equations, offering more realistic and satisfac
tory outcomes in various nonlinear phenomena. They proved effective in 
characterizing viscoelastic behavior with fewer parameters,10 providing 
insights into the behavior, stability, and unpredictability of chaotic 

systems,11 accurate predictions of contaminant transport on anomalous 
surfaces at large scales,12 analyzing the variable memory effects in 
complex physical systems13 and applications in image processing.14 

Various definitions of fractional order derivatives, such as the 
Grunwald-Letnikov fractional derivative (FD), Riesz FD, Caputo FD, 
Yang local fractional derivative, Jumarie’s modified Riemann-Liouville 
FD, conformal FD, beta FD, Riemann-Liouville FD, etc., have been pro
posed by researchers over the years.15–19 Some definitions, like the 
Riemann-Liouville FD, Caputo FD, and conformal FD, have some 
drawbacks.17,20 However, the beta FD, introduced by Atangana et al.19 

has not exhibited any deficiencies to date. 
Beta derivative: Assuming a function H (ξ) : [0, ∞)→R, then the 

beta derivative with respect to ξ of H (ξ) represented as Dμ
ξH (ξ) and 

stated as:19 

Dμ
ξH (ξ) = lim

δ→0

H

(

ξ + δ
(

ξ + 1
Γ(μ)

)1− μ)

− H (ξ)

δ
,0 < μ ≤ 1. (1.1) 

The definition (1.1) can be also expressed with integer order differ
ential operator as: 
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Dμ
ξH (ξ) =

(

ξ +
1

Γ(μ)

)1− μdH (ξ)
dξ

.

The following fundamental characteristics of conventional calculus 
for the beta derivative can be easily proved21:  

1. Derivative of a constant: Dμ
ξC = 0, where C is a constant.  

2. Linear property: Dμ
ξ [Φ(ξ)+ Ψ(ξ)] = Dμ

ξ Φ(ξ)+ Dμ
ξ Ψ(ξ).  

3. Product rule: Dμ
ξ (Φ(ξ)Ψ(ξ)) = Φ(ξ)Dμ

ξ Ψ(ξ)+ Ψ(ξ)Dμ
ξ Φ(ξ).  

4. Quotient rule: Dμ
ξ

Φ(ξ)
Ψ(ξ) =

Ψ(ξ)Dμ
ξ Φ(ξ)− Φ(ξ)Dμ

ξ Ψ(ξ)

Ψ(ξ)2
.  

5. Chain rule: Dμ
ξ Φ(Ψ(ξ)) =

(

ξ + 1
Γ(μ)

)1− μ
dΦ(Ψ(ξ))

dΨ(ξ) .
dΨ(ξ)

dξ . 

The (2 + 1)-dimensional Heisenberg ferromagnetic spin chain 
(HFSC) equation is a nonlinear Schrödinger type equation that explains 
the nonlinear spin wave propagation in the ferromagnetic system with 
magnetic interactions having classical and semi-classical frameworks.22 

This equation has become a fascinating area of research in both math
ematics and physics for its practical applications in fields such as spin
tronics, plasma physics, modern magnet theory, and condensed matter 
physics. Also, this spin wave has been used to develop reservoir device 
on a chip.23 Latha and Vasanthi have derived the (2 + 1)-dimensional 
HFSC model considering both anisotropic bilinear interactions, which 
is applicable in the semi-classical framework.24 The (2 + 1)-dimensional 
space fractional HFSC equation can be expressed as follows25: 

iVt + γ1D2μ
x V + γ2D2μ

y V + γ3D2μ
yxV − γ4|V|

2V(x, y, t) = 0,0 < μ ≤ 1, (1.2)  

where V signifies the coherent amplitudes of spatial coordinate x, y and 
the temporal coordinate t. γ1, γ2, γ3 and γ4 are known as the magnetic 
coupling coefficients and hold the following relations: 

γ1 = σ4(J+ J2), γ2 = σ4(J1 + J2), γ3 = 2σ4(J2) and γ4 = 2σ4( ∼ A),

where σ denotes the lattice parameter, and the parameters J and J1 
represent bilinear exchange interactions in the xy plane. There is also J2, 
which denotes the neighboring interaction throughout the diagonal, and 
∼ A, which indicates the uniaxial crystal field anisotropy coefficient. 
The model (1.2) incorporates dispersive terms denoted as γ1, γ2, and γ3 
along with the Kerr-nonlinearity coefficient γ4. Previous research has 
already achieved significant soliton solutions to the (2 + 1)-dimensional 
HFSC equation for both fractional and integer orders. Bakicierler et al.22 

derived trigonometric, hyperbolic, and rational solutions using the 
modified extended tanh-function strategy; Uddin et al.26 derived the 
soliton solutions using the generalized exponential expansion and the 
modified Kudryashov methods by varying the beta derivative param
eter; the auxiliary equation method along with conformal derivative is 
employed by Houwe et al.25, Seadawy et al.27 constructed dark, bright, 
and combined bright-dark solitons, solitary waves, periodic waves, and 
elliptic solutions through improved auxiliary equation and generalized 
Riccati mapping methods; Hashemi28 utilized the simplest equation 
method and Nucci’s method with conformal derivative; Hosseini et al.29 

developed 1-soliton solutions with exponential methods and others 
in.30–34 Besides the aforementioned applied techniques, there are many 
other effective and advanced approaches to extract soliton solutions to 
the nonlinear fractional evolution equations. These techniques include, 
improved exp( − F(η)) -expansion method,35 the rational 
(G′/G)-expansion approach,36 the enhanced modified simple equation 
scheme,37 the (G′/G,1/G)-expansion method,38,39 the generalized 
Kudryashov procedure,40 the extended Kudryashov technique,4 the 
generalized bifurcation method,41 the Riccati-Bernoulli sub-ODE 
method,42 Hirota’s methods,43–45 the improved modified extended 
Tanh-function method,46 and so on. 

However, to date, no studies have been found that explore soliton 
solutions for both the integer-order and fractional order HFSC equations 

through the efficient extended Kudryashov (eK) and (G′/G,1/G)-expan
sion approaches. The aim of the present research is to derive soliton 
solutions for the fractional HFSC equation using these potential methods 
along with the beta derivative. We obtain soliton solutions in trigono
metric, hyperbolic, and rational forms, some of which align with existing 
results for specific value of the arbitrary parameters while others are 
novel and expand the current literature. These novel and generic solu
tions offer V-shaped solitons, periodic solitons, singular periodic soli
tons, singular bell-shaped solitons, kink solitons, and flat kink solitons. 
These derived solutions have potential applications. For example, kink 
solitons are important in the study of phase transitions in ferromagnetic 
materials; periodic solitons describe lattice vibrations in condensed 
matter; and bell-shaped solitons are useful in the study of the propaga
tion of shock waves in plasma. 

The article is organized as follows: Section 2 outlines the working 
procedures of the two methods. In Section 3, the application of these 
methods is discussed, followed by a comparison with earlier studies in 
Section 4. Section 5 presents the findings in graphical form, providing 
physical interpretations. The concluding remarks are presented in the 
last section. 

2. Methodology 

In this part, we discuss the key techniques used in the methodologies 
for the analytical study of fractional order nonlinear evolution (FNLE) 
equations. 

Assume the following FNLE equation: 

P
(

χ, Dμ
t χ,Dμ

x1
χ,Dμ

x2
χ,…,D2μ

tt χ,D2μ
x1 , x1

χ, D2μ
x1x2

χ…
)
= 0,0 < μ < 1, (2.1)  

where P is a polynomial of χ and its fractional or integer-order partial 
derivatives and χ is the function of spatial variables x1,x2,x3,…xn, and 
temporal variable t. The parameter μ in Dμ

x1 χ indicates the order of the 
fractional derivative. The traveling wave transformation converts FNLE 
(2.1) into a differential equation of a single independent variable. The 
traveling wave transformation is: 

χ(x1, x2, x3, …xn, t) = u(ρ)eiθ(x1 , x2 , x3 , …xn , t), (2.2)  

along with ρ = k1
μ

(

t + 1
Γμ

)μ
+ k2

μ

(

x2 +
1

Γμ

)μ
+ … + kn

μ

(

xn +
1

Γμ

)μ
−

ν
μ

(

t + 1
Γμ

)μ 
and 

θ(x1, x2, x3, …xn, t) = σ1
μ

(

x1 +
1

Γμ

)μ
+ σ2

μ

(

x2 +
1

Γμ

)μ
+ …+

σn
μ

(

x2 + 1
Γμ

)μ
− ω

μ

(

t + 1
Γμ

)μ
. The amplitude of the new wave function is u 

(ρ), and its phase is represented by θ(x1,x2,x3,…xn,t). Additionally, v and 
ω are used to symbolize the wave velocity and wave number, respec
tively. Using transformation (2.2), Eq. (2.1) results in the following 
differential equation of u(ρ): 

Q(u, uʹ, uʹ́ , uʹ́ʹ…) = 0. (2.3) 

The key steps of the methodologies for extracting the analytical so
lutions to Eq. (2.3) are presented below. 

2.1. The extended Kudryashov method 

Step 1: This strategy provides the following series solution for Eq. 
(2.3) 

u(ρ) = C0 +
∑N

l=1

∑

i+k=l

CikΦ(ρ)i Ψ(ρ)k
+
∑N

l=1

∑

i+k=l

DikΦ(ρ)− i Ψ(ρ)− k
, (2.4)  

where the constants C0, Cik, Dik, (i, k = 1, 2, 3…N) are to be calculated. 
The two functions, Φ(ρ) and Ψ(ρ), that satisfy specific equations of 
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differential calculus. Φ(ρ) satisfies the Riccati differential equation, 
while Ψ(ρ) satisfies the Bernoulli differential equation. The Bernoulli 
differential equation: 

Ψʹ(ρ) = − R1Ψ(ρ) + R2Ψ2(ρ),R2 ∕= 0, (2.5)  

and the Riccati equation is 

Φʹ(ρ) = S0 + S1Φ(ρ) + S2Φ2(ρ), S2 ∕= 0, (2.6)  

where the coefficients S0,S1,S2,R1,R2 and β are real constants. The so
lutions of Bernoulli and Riccati equations are 

Ψ(ρ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− 1
R2ρ + β

, R1 = 0,

R1

R2 + R1exp(R1ρ + β)
, R1 ∕= 0,

(2.7)  

and 

Φ(ρ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− S1

2S2
−

̅̅̅
α

√

2S2
tanh

( ̅̅̅
α

√

2
ρ + β

)

, α > 0,

− S1

2S2
−

̅̅̅
α

√

2S2
coth

( ̅̅̅
α

√

2
ρ + β

)

, α > 0,

− S1

2S2
+

̅̅̅̅̅̅̅
− α

√

2S2
tan

( ̅̅̅̅̅̅̅
− α

√

2
ρ + β

)

, α < 0,

− S1

2S2
−

̅̅̅̅̅̅̅
− α

√

2S2
cot

( ̅̅̅̅̅̅̅
− α

√

2
ρ + β

)

, α < 0,

− S1

2S2
+

− 1
S2ρ + β

, α = 0,

(2.8)  

respectively, where α = S2
1 − 4S0S2. 

Step 2: The goal of this approach is to discover the soliton solution, 
which arises when the greatest-order derivative in Eq. (2.3) balances 
with the nonlinear part. N, which is a positive integer, is obtained from 
this homogeneous balance in Eq. (2.3). 

Step 3: After inserting (2.4) into (2.3) along with (2.5) and (2.6), we 
obtain a polynomial of Φλ(ρ)Ψε(ρ), (λ, ε = 1, 2, 3, …). Then, we 
formulate an algebraic system of equations by setting each coefficient of 
Φλ(ρ)Ψε(ρ), (λ, ε = 1, 2, 3, …) in the polynomial to zero. Calculate the 
values of the coefficients C0, Cik andDik, (i, k = 1, 2, 3…N) of the solution 
(2.4) by solving the algebraic system of equations. Consequently, soliton 
solution to the FNLE Eq. (2.1) is attained after substituting the trans
formation (2.2) to the solution (2.4). 

2.2. The (G′/G,1/G)-expansion method 

Step 1: According to this method, the trial solution of the derived Eq. 
(2.3) is formulated as follows: 

V(ρ) =
∑N

j=0
aj(Gʹ/G)j

+
∑N

j=1
bj(Gʹ/G)j− 1

(1 /G), (2.9)  

where j is a positive integer found using the balance principle along with 
constants aj and bj. G = G(ρ) in Eq. (2.9) will satisfy the subsequent 
equation of second-order: 

Gʹ́ (ρ) + εG(ρ) = δ, (2.10)  

where λ and δ signify arbitrary parameters. The following relationships 
can be evaluated 

Yʹ = − Y2 + δΘ − ε,Θʹ = − YΘ, (2.11)  

with Y(ρ) = G′/G, Θ(ρ) = 1/G. 
Three cases arise from the general solution of Eq. (2.10), and they 

are: 

Case 1: The general solution of Eq. (2.10) consists of the following 
combination of the following trigonometric functions, for ε > 0: 

G(ρ) = g1sin
( ̅̅̅

ε
√

ρ
)
+ g2cos

( ̅̅̅
ε

√
ρ
)
+

δ
ε, (2.12)  

along with Θ2 =
ε(Y2 − 2δΘ+ε)

ε2σ− δ2 , σ = g2
1 + g2

2, and the arbitrary constants g1, 
g2. 

Case 2: When ε < 0, the hyperbolic functions constructed the general 
solution of Eq. (2.10) as follows: 

G(ρ) = g1sinh
( ̅̅̅̅̅̅

− ε
√

ρ
)
+ g2cosh

( ̅̅̅̅̅̅
− ε

√
ρ
)
+

δ
ε, (2.13)  

together with Θ2 = −
ε(Y2 − 2δΘ+ε)

ε2σ+δ2 , where σ = g2
1 − g2

2, and the arbitrary 
constants g1, g2. 

Case 3: When ε = 0, the rational algebraic functions constructed the 
general solution of Eq. (2.10) as follows: 

G(ρ) = δ
2

ρ2 + g1ρ + g2, (2.14)  

along with Θ2 = 1
g2

1 − 2δg2

(
Y2 − 2δΘ

)
and the arbitrary constants g1, g2. 

Step 2: Substituting the values of V(ρ) and its essential derivatives 
into (2.3), yield an equation containing ϒj(ρ), Θj(ρ) as well as their de
rivatives. By replacing the value of Θ2(ζ) and their derivatives, the 
higher-order terms of Θ(ρ) and the derivatives are vanished from the 
attained equation from the attained equation. 

Step 3: By comparing the coefficients of ϒjΘi (j = 0, 1, …N; i = 0, 1) 
on both sides of the attained equation, an algebraic system of equations 
is obtained. Numerous solutions to the Eq. (2.3) are obtained by solving 
this system of equations for the coefficients of the solution (2.9). 
Inserting the wave transformation Eq. (2.2) to these extracted solutions, 
we obtain our desired solitary wave solutions to FNLE Eq. (2.1). 

3. Solutions of the space fractional Heisenberg ferromagnetic 
spin chain equation 

The two approaches described earlier are applied in this section to 
establish solitary wave solutions to the fractional HFSC equation. 
Consider the beta traveling wave transformation as follows: 

V = u(ρ) eiθ, (3.1)  

where ρ =
η1
μ

(

x + 1
Γμ

)μ
+

η2
μ

(

y + 1
Γμ

)μ
− νt, θ = k1

μ

(

x + 1
Γμ

)μ
+

k2
μ

(

y + 1
Γμ

)μ
− ωt. 

Eq. (3.1) reduces Eq. (1.2) into 
(
ω − k2

1γ1 − k2
2γ2 − k1k2γ3

)
u(ρ) − γ4u(ρ)3

+
(
γ1η2

1 + η2(γ3η1 + γ2η2)
)
uʹ́ (ρ)

− i(ν − k2(γ3η1 +2γ2η2) − k1(2γ1η1 + γ3η2))uʹ(ρ) = 0. (3.2) 

The real and imaginary components of (3.2) yield 
(
ω − k2

1γ1 − k2
2γ2 − k1k2γ3

)
u(ρ) − γ4u(ρ)3

+
(
γ1η2

1 + η2(γ3η1 + γ2η2)
)
uʹ́ (ρ)

= 0,
(3.3)  

and 

ν = k2(γ3η1 +2γ2η2) + k1(2γ1η1 + γ3η2). (3.4)  

3.1. The eK method 

Balancing u′′(ρ) with u(ρ)3 in Eq. (3.3), we attain N = 1. Conse
quently, the solution of (3.3) according to (3.4) will be in the following 
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form: 

u(ρ) = C0 + C1,0ϕ(ρ) + C0,1ψ(ρ) + D1,0

ϕ(ρ) +
D0,1

ψ(ρ). (3.5) 

Inserting (3.5) together with (2.5) and (2.6) into (3.3), we obtain a 
polynomial of Φλ(ρ)Ψε(ρ), (λ, ε = 1, 2, 3, …) after multiplying both sides 
by ϕ(ρ)3ψ(ρ)3. Equating the coefficients of Φλ(ρ)Ψε(ρ), (λ, ε = 1, 2, 3, …) 
to zero forms a system of equations. By solving this system for C0, C1,0, 
C0,1, D1,0, D0,1, ω, yields three sets of coefficients corresponding to 
various soliton solutions of Eq. (1.2). 

Set 1: C0 =
±S1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+η2(γ3η1+γ2η2)
√

̅̅
2

√ ̅̅̅̅γ4
√ , C0,1 =

±
̅̅
2

√
S2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+η2(γ3η1+γ2η2)
√

̅̅̅̅γ4
√ , D1,0 =

D0,1 = C1,0 = 0, 
ω = k2

1γ1 + k2
2γ2 + k1k2γ3 +

1
2 α

(
γ1η2

1 + γ3η1η2 + γ2η2
2
)
. 

Substituting the coefficient values into solution (3.5) and after some 
simplification, we obtain: 

V(x, y, t) = ±

̅̅̅
α

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

tanh
(

β + 1
2 ρ

̅̅̅
α

√
)

̅̅̅
2

√ ̅̅̅̅̅γ4
√ eiθ,α > 0.

(3.6)  

V(x, y, t) = ±

̅̅̅
α

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

coth
(

β + 1
2 ρ

̅̅̅
α

√
)

̅̅̅
2

√ ̅̅̅̅̅γ4
√ eiθ,α > 0.

(3.7)  

V (x, y, t) = ±

̅̅̅̅̅̅̅
− α

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

tan
(

β + 1
2 ρ

̅̅̅
α

√
)

̅̅̅
2

√ ̅̅̅̅̅γ4
√ eiθ,α < 0.

(3.8)  

V(x, y, t) = ±

̅̅̅̅̅̅̅
− α

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

cot
(

β + 1
2 ρ

̅̅̅
α

√
)

̅̅̅
2

√ ̅̅̅̅̅γ4
√ eiθα < 0.

(3.9)  

V(x, y, t) = ±

̅̅̅
2

√
S2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

(β + ρS2)
̅̅̅̅̅γ4

√ eiθ, (3.10)  

where, ρ =
η1
μ

(

x + 1
Γμ

)μ
+

η2
μ

(

y + 1
Γμ

)μ
− t{k2(γ3η1 + 2γ2η2) +

k1(2γ1η1 + γ3η2)}, 

θ = k1
μ

(

x + 1
Γμ

)μ
+ k2

μ

(

y + 1
Γμ

)μ
− t

{

k2
1γ1 + k2

2γ2 + k1k2γ3 +

1
2 α

(
γ1η2

1 + γ3η1η2 + γ2η2
2
)
}

, α = S2
1 − 4S0S2. 

Set 2: C0 = ±
S1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+η2(γ3η1+γ2η2)
√

̅̅
2

√ ̅̅̅̅γ4
√ , C0,1 = C1,0 = D1,0 = 0, D0,1 =

±

̅̅
2

√
S0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+γ3η1η2+γ2η2
2

√

̅̅̅̅γ4
√ , 

ω = k2
1γ1 + k2

2γ2 + k1k2γ3 +
1
2 α

(
γ1η2

1 + γ3η1η2 + γ2η2
2
)
. 

Upon plugging these values into solution (3.5) and abridging the 
expression, we derive the subsequent outcomes: 

V(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

{

α + S1
̅̅̅
α

√
tanh

(

β + 1
2 ρ

̅̅̅
α

√
)}

̅̅̅
2

√ ̅̅̅̅̅γ4
√

{

S1 +
̅̅̅
α

√
tanh

(

β + 1
2 ρ

̅̅̅
α

√
)} eiθ,α

> 0,
(3.11)  

V(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

{

α + S1
̅̅̅
α

√
coth

(

β + 1
2 ρ

̅̅̅
α

√
)}

̅̅̅
2

√ ̅̅̅̅̅γ4
√

{

S1 +
̅̅̅
α

√
coth

(

β + 1
2 ρ

̅̅̅
α

√
)} eiθ,α

> 0,
(3.12)  

V(x,y, t)=±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 +η2(γ3η1 + γ2η2)
√

{

α − S1
̅̅̅̅̅̅̅
− α

√
tan

(

β+ 1
2ρ

̅̅̅̅̅̅̅
− α

√
)}

̅̅̅
2

√ ̅̅̅̅̅γ4
√

{

S1 −
̅̅̅̅̅̅̅
− α

√
tan

(

β+ 1
2ρ

̅̅̅̅̅̅̅
− α

√
)} eiθ,α

<0,
(3.13)  

V(x,y, t)=±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 +η2(γ3η1 + γ2η2)
√

{

α+S1
̅̅̅̅̅̅̅
− α

√
cot

(

β+ 1
2ρ

̅̅̅̅̅̅̅
− α

√
)}

̅̅̅
2

√ ̅̅̅̅̅γ4
√

{

S1 +cot
(

β+ 1
2ρ

̅̅̅̅̅̅̅
− α

√
)

̅̅̅̅̅̅̅
− α

√
} eiθ,α

<0,
(3.14)  

V(x, y, t) = ±
2S1S2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

̅̅̅
2

√
(2S2 + S1(β + wS2))

̅̅̅̅̅γ4
√ , eiθ,α < 0, (3.15)  

where ρ =
η1
μ

(

x + 1
Γμ

)μ
+

η2
μ

(

y + 1
Γμ

)μ
− t{k2(γ3η1 + 2γ2η2) + k1(2γ1η1 +

γ3η2)}, 

θ =
k1

μ

(

x +
1

Γμ

)μ

+
k2

μ

(

y +
1

Γμ

)μ

− t
{

k2
1γ1 + k2

2γ2 + k1k2γ3 +
1
2

α
(
γ1η2

1 + γ3η1η2 + γ2η2
2
)
}

, α

= S2
1 − 4S0S2.

Set 3: C0 =
±R1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+η2(γ3η1+γ2η2)
√

̅̅
2

√ ̅̅̅̅γ4
√ , C0,1 = D1,0 = D0,1 = 0, C1,0 =

±
̅̅
2

√
R2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+η2(γ3η1+γ2η2)
√

̅̅̅̅γ4
√ , 

ω = k2
1γ1 + k2

2γ2 + k1k2γ3 +
1
2
R2

1
(
γ1η2

1 + γ3η1η2 + γ2η2
2
)
.

By inserting the values of set 3 into Eq. (3.5) and refining the 
expression, the resulting solutions are obtained as follows: 

V(x, y, t) = ±eiθR1(eβ+ρR1 R1 − R2)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

̅̅̅
2

√
(eβ+ρR1 R1 + R2)

̅̅̅̅̅γ4
√ ,R1 ∕= 0,

(3.16)  

V(x, y, t) = ±eiθ(2R2 + R1(β + ρR2))
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + η2(γ3η1 + γ2η2)
√

̅̅̅
2

√
(β + ρR2)

̅̅̅̅̅γ4
√ ,R1 = 0,

(3.17)  

where ρ =
η1
μ

(

x + 1
Γμ

)μ
+

η2
μ

(

y + 1
Γμ

)μ
− t{k2(γ3η1 + 2γ2η2) + k1(2γ1η1 +

γ3η2)}, 

θ =
k1

μ

(

x +
1

Γμ

)μ

+
k2

μ

(

y +
1

Γμ

)μ

− t
[

k2
1γ1 + k2

2γ2 + k1k2γ3 +
1
2
R2

1
{

γ1η2
1 + η2(γ3η1 + γ2η2)

}
]

.

3.2. The (G′/G, 1/G)-expansion method 

Through the application of the homogeneous principle of balance to 
Eq. (3.3), it can be derived that N = 1. Therefore, the solitary wave 
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solution of Eq. (3.3) holds the form: 

u(ρ) = a0 + a1ϕ(ρ) + b1ψ(ρ). (3.18) 

Employing the major steps asserted in the section of methodology, 
the following set of solutions have been supplied for Eq. (3.3). 

Group 1 (λ < 0): The obtained solutions for this condition affiliated 
with the parameter λ are as follows: 

Family 1: a0 = 0, a1 = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω− k2

1γ1 − k2
2γ2 − k1k2γ3

√
̅̅̅̅̅
− λ

√ ̅̅̅̅γ4
√ , b1 =

±

̅̅̅̅̅̅̅̅̅̅̅
δ2+λ2σ

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω− k2

1γ1 − k2
2γ2 − k1k2γ3

√ )

λ ̅̅̅̅γ4
√ , 

k1 = k1, k2 = k2, ω = ω, v = k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2), 

η2 = −
λγ3η1+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ(8k2

2γ2
2+λγ2

3η2
1+γ2(− 8ω+8k2

1γ1+8k1k2γ3 − 4λγ1η2
1))

√

2λγ2
. 

Family 2: a0 = 0, a1 = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω− k2

1γ1 − k2
2γ2 − k1k2γ3

√
̅̅̅̅̅
− λ

√ ̅̅̅̅γ4
√ , b1 = 0, δ = 0, ω = ω, v =

k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2), η2 = −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4λ2γ2

3η2
1 − 8λγ2(ω− k2

1γ1 − k2
2γ2 − k1k2γ3+2λγ1η2

1)
√

+2λγ3η1

4λγ2
. 

Family 3: a0 = 0, a1 = 0, b1 = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 2σ(ω− k2

1γ1 − k2
2γ2 − k1k2γ3)

√

̅̅̅̅γ4
√ , δ = 0, v =

k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2), η2 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ2γ2

3η2
1+4λγ2(ω− k2

1γ1 − k2
2γ2 − k1k2γ3 − λγ1η2

1)
√

− λγ3η1

2λγ2
. 

Utilizing the values of parameters assessed in family 1 to solution 
(3.18), the originated solution of Eq. (3.3) is 

u(ρ) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ω− k2

1γ1 − k2
2γ2 − k1k2γ3

√

λ
(

δ
λ+sinh(

̅̅̅̅̅
− λ

√
ρ)g1+cosh(

̅̅̅̅̅
− λ

√
ρ)g2

)
̅̅̅̅γ4

√

{ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
δ2 + λ2σ

√
− λ

(
cosh

(

̅̅̅̅̅̅
− λ

√
ρ
)
g1 + sinh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g2
)}

. 

Therefore, solution of the Eq. (1.2), obtained from the trans
formation (3.1), has the form: 

V(x, y, t) = ±
eiθ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω − k2
1γ1 − k2

2γ2 − k1k2γ3

√

λ
(

δ
λ + sinh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g1 + cosh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g2

)
̅̅̅̅̅γ4

√ {
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
δ2 + λ2σ

√

− λ
(

cosh
( ̅̅̅̅̅̅

− λ
√

ρ
)

g1 + sinh
( ̅̅̅̅̅̅

− λ
√

ρ
)

g2

)
}, (3.19)  

along with ρ =
η1
μ

(

x + 1
Γμ

)μ
+

η2
μ

(

y + 1
Γμ

)μ
− νt, and θ = k1

μ

(

x + 1
Γμ

)μ 
+

k2
μ

(

y + 1
Γμ

)μ
− ωt. 

In a similar manner, the remaining solution sets were utilized to 
produce the subsequent solutions for Eq. (1.2):  

and 

V(x, y, t) = ±
eiθ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 2σ
(
ω − σk2

1γ1 − σk2
2γ2 − σk1k2γ3

)√

(
sinh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g1 + cosh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g2
) ̅̅̅̅̅γ4
√ . (3.21) 

In solutions (3.20) and (3.21), ρ =
η1
μ

(

x + 1
Γμ

)μ

+
η2
μ

(

y + 1
Γμ

)μ 

− νt, 

and θ = k1
μ

(

x + 1
Γμ

)μ

+ k2
μ

(

y + 1
Γμ

)μ

− ωt. Now, if we make the estimation 

that δ = 0 and g2 = 0, the solution (3.19) takes the form: 

V(x,y, t)=±
eiθ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω − k2
1γ1 − k2

2γ2 − k1k2γ3

√

̅̅̅̅̅γ4
√

{
csch

( ̅̅̅̅̅̅
− λ

√
ρ
)
− coth

( ̅̅̅̅̅̅
− λ

√
ρ
)}

.

(3.22) 

Analogously, the rest of the solution may be altered to another form 
of solutions. 

Group 2 (λ > 0): The solutions, we have obtained for Eq. (3.3) 
through the aforementioned method, are as follows: 

Family 1: a0 = 0, a1 = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ω+k2

1γ1+k2
2γ2+k1k2γ3

√
̅̅
λ

√ ̅̅̅̅γ4
√ , b1 =

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− δ2+λ2σ

√ ( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ω+k2

1γ1+k2
2γ2+k1k2γ3

√ )

λ ̅̅̅̅γ4
√ , 

v = k2(γ3η1 + 2γ2η2) + k1(2γ1η1γ3η2), η2 = −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ2γ2

3η2
1 − 4λγ2(2ω− 2k2

1γ1 − 2k2
2γ2 − 2k1k2γ3+λγ1η2

1)
√

+λγ3η1

2λγ2
. 

Family 2: a0 = 0, a1 =±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ω+k2

1γ1+k2
2γ2+k1k2γ3

√
̅̅
λ

√ ̅̅̅̅γ4
√ , b1 = 0, δ = 0, v = k2(γ3η1 

+ 2γ2η2) + k1(2γ1η1 + γ3η2), η2 = −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4λ2γ2

3η2
1 − 8λγ2(ω− k2

1γ1 − k2
2γ2 − k1k2γ3+2λγ1η2

1)
√

+2λγ3η1

4λγ2
. 

Family 3: a0 = 0, a1 = 0, b1 = ±

̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
σ(ω− k2

1γ1 − k2
2γ2 − k1k2γ3)

√

̅̅̅̅γ4
√ , δ = 0, v =

k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2), η2 =

− λγ3η1+
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
λ2γ2

3η2
1+4λγ2(ω− k2

1γ1 − k2
2γ2 − k1k2γ3 − λγ1η2

1)
√

2λγ2
. 

Applying the values of the parameters stated in family 1 of group 2 to 
Eq. (3.18) and Eq. (3.1), the obtained solution of Eq. (1.2) is 

V(x, y, t) = −
eiθ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− ω + k2
1γ1 + k2

2γ2 + k1k2γ3

√

λ
(

δ
λ + sin

( ̅̅̅
λ

√
ρ
)
g1 + cos

( ̅̅̅
λ

√
ρ
)
g2

)
̅̅̅̅̅γ4

√ {
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− δ2 + λ2σ

√

− λ
(

cos
( ̅̅̅

λ
√

ρ
)

g1 − sin
( ̅̅̅

λ
√

ρ
)

g2

)
}. (3.23) 

Analogously, the other solutions have originated as: 

V(x, y, t) = −
eiθ
(
cos

( ̅̅̅
λ

√
ρ
)
g1 − sin

( ̅̅̅
λ

√
ρ
)
g2
) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− ω + k2
1γ1 + k2

2γ2 + k1k2γ3

√

(
sin

( ̅̅̅
λ

√
ρ
)
g1 + cos

( ̅̅̅
λ

√
ρ
)
g2
) ̅̅̅̅̅γ4
√ ,

(3.24)  

and 

V(x, y, t) =
eiθ

̅̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ
(
ω − k2

1γ1 − k2
2γ2 − k1k2γ3

)√

(
sin

( ̅̅̅
λ

√
ρ
)
g1 + cos

( ̅̅̅
λ

√
ρ
)
g2
) ̅̅̅̅̅γ4
√ . (3.25) 

Here ρ =
η1
μ

(

x + 1
Γμ

)μ

+
η2
μ

(

y + 1
Γμ]

)μ

− νt, and θ = k1
μ

(

x + 1
Γμ

)μ

+

k2
μ

(

y + 1
Γμ]

)μ

− ωt. 

Group 3 (λ = 0): The solutions, we have obtained for Eq. (3.3) 
through the aforementioned method are as follows: 

Family 1: a0 = 0, a1 = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+γ3η1η2+γ2η2
2

√
̅̅
2

√ ̅̅̅̅γ4
√ , b1 = −

̅̅̅̅̅̅̅̅̅̅̅̅̅
g2

1 − 2δg2
√

(
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+γ3η1η2+γ2η2
2

√
)̅̅

2
√ ̅̅̅̅γ4

√ , 

v = k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2), k1 =
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4ωγ1 − 4k2
2γ1γ2+k2

2γ2
3

√ )
− k2γ3

2γ1
. 

V(x, y, t) = ±
eiθ
(
cosh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g1 + sinh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g2
) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ω − k2
1γ1 − k2

2γ2 − k1k2γ3

√

(
sinh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g1 + cosh

( ̅̅̅̅̅̅
− λ

√
ρ
)
g2
) ̅̅̅̅̅γ4
√ , (3.20)   
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Family 2: a0 = 0, a1 = −

̅̅
2

√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+γ3η1η2+γ2η2
2

√

̅̅̅̅γ4
√ , b1 = 0, k1 =

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4ωγ1 − 4k2

2γ1γ2+k2
2γ2

3

√ )
− k2γ3

2γ1
,δ = 0, v = k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2). 

Family 3: a0 = 0, a1 = 0, b1 = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2g2

1(γ1η2
1+γ3η1η2+γ2η2

2)
√

̅̅̅̅γ4
√ , k1 = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4ωγ1 − 4k2

2γ1γ2+k2
2γ2

3

√
+k2γ3

2γ1
, 

δ = 0, v = k2(γ3η1 + 2γ2η2) + k1(2γ1η1 + γ3η2). 
The following solutions are found by entering the above-estimated 

values of the parameters in Eqs. (3.18) and (3.1). 

V(x, y, t) = −
eiθ(δρ + g1)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + γ3η1η2 + γ2η2
2

√

̅̅̅
2

√
(

δρ2

2 + ρg1 + g2

)
̅̅̅̅̅γ4

√

{

(δρ+ g1) −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

g2
1 − 2δg2

√ }

,

(3.26)  

V(x, y, t) = −
eiθg1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2(γ1η2

1 + γ3η1η2 + γ2η2
2)

√

̅̅̅̅̅γ4
√

(ρg1 + g2)
, (3.27)  

V(x, y, t) = −
eiθ

̅̅̅
2

√
g1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1 + γ3η1η2 + γ2η2
2

√

(ρg1 + g2)
̅̅̅̅̅γ4

√ , (3.28)  

where ρ =
η1
μ

(

x + 1
Γμ

)μ
+

η2
μ

(

y + 1
Γμ

)μ
− νt, and θ = k1

μ

(

x + 1
Γμ

)μ
+

k2
μ

(

y + 1
Γμ

)μ
− ωt. 

4. A comparison of the results 

To verify the uniqueness of the solutions offered, we compare our 
findings with those from prior studies to assess the effectiveness of the 
approach in providing novel and reliable solutions. The solutions ob
tained through the eK method have been compared with those reported 
in the prior article by Seadawy et al.27. The following considerations 
facilitate the comparison: 

For this paper: A =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
γ1η2

1+η2(γ3η1+γ2η2)
√

̅̅
2

√ ̅̅̅̅γ4
√ , α = S2

1 − 4S0S2. 

For the earlier research27: τ = q2 − 4pr, ϕ = β1x + β2y + νt + θ. 
Analogously, the obtained solutions through the (G′/G, 1/G)- 

expansion method have been compared with the solutions of the prior 
article reported in.47 To proceed this task, we choose the successive 
values for deducing the general form of the solution, which assists to 
compare the solution easily. The assumptions are as follows: 

For the previous article: κ0 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
α4(α1p2+pqα3+q2α2 − r

√

α4
, η =

(α1p2+pqα3+q2α2 − r
2(α1a2+abα3+b2α2)

, Ω = px + qy − rt, ξ = ax + by − ωt. 

Table 1 
Comparison of the outcomes attained from the eK method to the prior work in.27  

Results of Seadawy et al.27 Results attained in this study 
The outcomes in Eq. (37) is: 

Q1(ξ) = −

A0
̅̅̅
τ

√
tanh

( ̅̅̅
τ

√

2
ξ
)

q
eiϕ. 

When β = 0, the outcome (3.6) can be 
represented as: 

V(ρ) = ±
̅̅̅
α

√
Atanh

[
1
2

ρ
̅̅̅
α

√
]

eiθ. 

The solution in Eq. (38) is: 
Q2(ξ) = −

A0
̅̅̅
τ

√
coth

( ̅̅̅
τ

√

2
ξ
)

q
eiϕ. 

When β = 0, the outcome (3.7) can be 
represented as: 

V(ρ) = ±
̅̅̅
α

√
Acoth

(
1
2

ρ
̅̅̅̅̅̅̅
− α

√
)

eiθ. 

The solution in Eq. (49) is: 
Q13(ξ) = −

A0
̅̅̅̅̅̅
− τ

√
tan

( ̅̅̅̅̅̅
− τ

√

2
ξ
)

q
eiϕ. 

When β = 0, the outcome (3.8) can be 
represented as: 

V(ρ) = ±
̅̅̅̅̅̅̅
− α

√
Atan

(
1
2

ρ
̅̅̅̅̅̅̅
− α

√
)

eiθ. 

The solution of (50) is: 
Q14(ξ) = −

A0
̅̅̅̅̅̅
− τ

√
cot

( ̅̅̅̅̅̅
− τ

√

2
ξ
)

q
eiϕ. 

When β = 0, S1 = S2 ∕= 0 the outcome (3.9) can 
be represented as: 

V(ρ) = ±
̅̅̅̅̅̅̅
− α

√
A cot

(
1
2

ρ
̅̅̅̅̅̅̅
− α

√
)

eiθ.  

Table 2 
Comparison of the outcomes attained from (G′/G, 1/G)-expansion scheme to the 
prior work in.47  

Solutions of47 Solutions of this article 

Solution (16) and (17) holds the 
general form as 

υ11(ξ) = ±κ0tan
(

̅̅̅η√ ξ
)

eiΩ , 

where κ0, η = free parameters. 

Solution (3.24) of the recent paper takes the 
general form 
V(x,y, t) = ±a1tan

( ̅̅̅
λ

√
ρ
)
eiθ, 

for g1 = 0. 

Solutions (26) and (27) hold the 
general form 

υ11(ξ) = ±κ0cot
(

̅̅̅η√ ξ
)

eiΩ. 

The solution (3.24) of the presented paper 
takes the general form 
V(x,y, t) = ±a1cot

( ̅̅̅
λ

√
ρ
)
eiθ, 

for g2 = 0. 
Solutions (36) and (37) hold the 

general form 

υ11(ξ) = ±κ1tanh
(

̅̅̅̅̅̅
− η√ ξ

)
eiΩ, 

here, κ1 = iκ0. 

The solution (3.20) of the presented paper 
takes the general form 
V(x,y, t) = ±A1tanh

( ̅̅̅̅̅̅
− λ

√
ρ
)
eiθ, 

for g1 = 0, and A1 = ia1. 

Solutions (46) and (47) hold the 
general form 

υ11(ξ) = ±κ1coth
(

̅̅̅̅̅̅
− η√ ξ

)
eiΩ , 

here, κ1 = iκ0. 

The solution (3.20) of the presented paper 
takes the general form 
V(x,y, t) = ±A1coth

( ̅̅̅̅̅̅
− λ

√
ρ
)
eiθ, 

for g2 = 0, and A1 = ia1.  

Fig. 1. Graphical representation of the absolute component of solution (3.6).  
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For this article: a1 = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− ω+k2

1γ1+k2
2γ2+k1k2γ3

√

̅̅̅̅γ4
√ , μ = 1. 

Seadawy et al.27 employed the Riccati Mapping technique to derive 
soliton solutions for the HFSC equation. Our comparison with their 
findings, detailed in Table 1, validates several of their solutions specif
ically for β = 0. Additionally, the comparison reveals that the eK 

approach provides a broader range of rational solutions involving trig
onometric and hyperbolic functions, which were not explored in their 
study. In Table 2, we compare the outcomes from the (G′/G, 
1/G)-expansion method with the extended rational sine-cosine tech
nique. This comparison highlights that while some of their solutions can 

Fig. 2. Graphical exhibition of the absolute component of solution (3.6).  

Fig. 3. Graphical exhibition of the imaginary component of solution (3.6).  

Fig. 4. Graphical exhibition of the real component of solution (3.6).  

Fig. 5. Graphical exhibition of the absolute component of solution (3.17).  
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be replicated using our approach by appropriately choosing the arbi
trary constants, our method also introduces novel trigonometric and 
hyperbolic solutions. Unlike the separate strategies used by Cinar 
et al.47, the (G′/G, 1/G)-expansion method integrates both types of so
lutions within a unified framework. 

The aforementioned comparisons conclude the efficiency of these 
two methods in the extraction of solitary wave solutions from the 
FNLLEs, and our obtained fresh and generic results significantly increase 
the number of potential solutions to this equation. 

5. Results and discussion 

In this section, the results are plotted for various values of the 
physical parameters, displaying both familiar shaped solitons and 
recently discovered shaped solitons. 

5.1. Solutions obtained from the eK method 

The modulus part of (3.6) portrays a V-shaped soliton for the 
appropriate values of parameters k1 = 0.55, k2 = 0.66, μ = 0.8, η1 = 5, η2 
= − 4, γ1 = 0.01, γ2 = 0.001, γ3 = 0.06, γ4 = 1, α = 0.225, β = − 4, y = 1 

as depicted in Fig. 1. This type of soliton is also known as a dark soliton. 
The dark soliton can be described as a surface wave envelope that is 
localized and causes a temporary reduction in the amplitude of the 
wave. This soliton is useful in the study of the propagation of shock 
waves in plasma. They correspond to the minimum of both the elec
tromagnetic energy density and the plasma density and propagate 
without changing their shape. In electron-ion plasmas with low propa
gation velocities, dark solitons have been observed, while in electron- 
positron plasmas, they exist as stable nonlinear coherent modes. This 
V-shaped soliton transforms into a flat kink soliton when η1 changes 
from 5 to 1.78, as shown in Fig. 2. Additionally, the imaginary and real 
parts of the solution (3.6) both exhibit periodic solitons for different 
parameter values. Specifically, the imaginary part shows a periodic 
soliton in Fig. 3 for k1 = 1.02, k2 = 0.66, μ = 0.9, , η1 = 2.7, η2 = − 4, γ1 =

0.01, γ2 = 0.001, γ3 = 0, γ4 = 1, α = 39.4, β = − 4, and y = 1. Meanwhile, 
the Fig. 4 represents a periodic soliton in the real component of the 
solution for the choice of the parameters k1 = 2.475, k2 = 1.96, μ = 0.94, 
η1 = 2.7, η2 = − 4, γ1 = 0.01, γ2 = 0.001, γ3 = 0, γ4 = 1, α = 1.35, β = − 4, 
and y = 1. 

Fig. 5 illustrates a singular bell-shaped soliton of the modulus of the 
solution (3.17) which is plotted for the values k1 = 0.55, k2 = 0.66, μ =

Fig. 6. Graphical exhibition of the real component of solution (3.17).  

Fig. 7. Graphical exhibition of the modulus of solution (3.19).  

Fig. 8. Graphical exhibition of the imaginary component of solution (3.19).  
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0.95, η1 = 1.7, η2 = 4, γ1 = 0.165, γ2 = 0.36, γ3 = 0.45, γ4 = 1.29, R2 = 4, 
β = 4, and y = 1. The real component of (3.17) represents a singular 
periodic soliton in Fig. 6 for the values of parameters k1 = 0.55, k2 =

0.66, μ = 0.67, η1 = 1.7, η2 = − 4, γ1 = 4.01, γ2 = 1.4, γ3 = 0.1, γ4 = 1, R2 
= − 4, β = − 2.5, and y = 1. 

5.2. Results attained from the (G′/G, 1/G)-expansion scheme 

The modulus of solution (3.19) represents a kink soliton presented in 
Fig. 7 for the values of parameters k1 = 15, k2 = 13.7, μ = 0.99, λ =
− 5.25, ω = 15, y = 0, γ1 = 7.15, γ2 = − 3.65, γ3 = − 3.75, γ4 = 6.2, g1 =

− 3.08, g2 = 4.36, η1 = − 13.85, and δ = 0.45, while the imaginary part of 
this solution depicts a periodic soliton shown in Fig. 8 for the chosen 
values of parameters k1 = − 2.35, k2 = − 9.9, μ = 0.99, λ = − 4.35, ω =
4.05, y = 0, γ1 = − 15, γ2 = − 13.5, γ3 = − 15, γ4 = 1.85, g1 = 3.46, g2 =

− 5, η1 = 9.65, and δ = − 0.35. Kink soliton is a topological soliton that 
goes under a shock and sharply changes asymptotic state. From Fig. 7, it 
can be observed that kink soliton doesn’t vanish for t → ∞. Kink soliton 
can propagate along the chain, maintaining its shape and speed over 
long distances, due to the balance between the ferromagnetic in
teractions and the nonlinear effects that stabilize the soliton. Kink soli
tons are important in the study of phase transitions in ferromagnetic 

materials. Periodic soliton is a nonlinear wave that maintains its shape 
while traveling through a medium. It is a highly stable soliton that can 
be utilized in this context to describe lattice vibrations in condensed 
matter. 

Fig. 9 shows the graphical exhibition of the imaginary component of 
the solution (3.20), which is plotted for the values k1 = − 4.5, k2 = − 15, 
μ = 0.99, λ = − 2.79, ω = 0.2, y = 0, γ1 = − 7.321, γ2 = − 4.42, γ3 =

− 14.15, γ4 = 6.1, g1 = − 4.4, g2 = 3.91, and η1 = − 9.8. The imaginary 
part of the solution (3.20) represents a flat-periodic soliton for the 
chosen values of parameters. From Fig. 9, we can notice that the periodic 
wave soliton goes under a shock at t = 5 and turns to a flat soliton. By 
studying this type of soliton, researchers can gain insight into the 
fundamental properties of matter and energy, and develop new tech
nologies based on these properties. The absolute part of the outcomes in 
(3.21) is represented in Fig. 10 for the values k1 = 1.35, k2 = − 7.7, μ =
0.79, λ = − 0.99, ω = 0.9, y = 0, γ1 = − 10.6, γ2 = − 1.15, γ3 = − 8.41, γ4 =

9.3, g1 = − 2.6, g2 = − 3.43, and η1 = − 3.25. The absolute value of the 
solution (3.21) exhibits a bell-shaped soliton, which is a potential soliton 
for information processing and transmitting data or energy over a 
distant zone without distortion. Due to its stability, it is a useful tool for 
understanding the dynamics of quantum systems. The solution (3.22) 
exhibits periodic behavior, including the absolute value, as well as the 

Fig. 9. Graphical exhibition of the imaginary component of solution (3.20).  

Fig. 10. Graphical exhibition of the absolute component of solution (3.21).  

Fig. 11. Graphical exhibition of the imaginary component of solution (3.22).  
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real and imaginary components. Fig. 11 includes the depiction of the 
imaginary component of the solution (3.22) for the values k1 = − 0.1, k2 
= 1.75, μ = 0.99, λ = 0.1, ω = 2.35, y = 0, γ1 = − 15, γ2 = − 9.25, γ3 =

11.1, γ4 = 8.6, g1 = 1.24, g2 = 1.55, η1 = 11.3, and δ = 4.04. 

6. Concluding remarks 

This study successfully extracted soliton solutions to the (2 + 1)- 
dimensional space fractional HFSC equation using the extended 
Kudryashov and (G′/G, 1/G)-expansion approaches, including the beta 
derivative. The derived soliton solutions involved trigonometric, 
rational and hyperbolic functions, each with sufficient parameters. The 
visualization through 3D, 2D, and contour graphs effectively illustrates 
various soliton types, including bell-shaped, singular bell-shaped, peri
odic, singular periodic, kink, and flat kink solitons. Some solutions 
coincide with existing ones under specific parameter values, confirming 
both the validity and generality of our findings. A significant number of 
solutions introduced in this study are original which are not found in the 
literature. These novel and generic solutions provide valuable insights 
into understanding phase transitions in ferromagnetic materials, lattice 
vibrations in condensed matter, and propagation of shock waves in 
plasma. Moreover, the extended Kudryashov and (G′/G, 1/G)-expansion 
methods have demonstrated their reliability and robustness in extract
ing soliton solutions for fractional order nonlinear evolution models. 
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