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This study investigates soliton solutions to the (2 + 1)-dimensional space fractional Heisenberg ferromagnetic
spin chain equation incorporating beta fractional derivatives that explain the nonlinear propagation of spin wave
in the ferromagnetic material with magnetic interactions including the both classical and semi-classical frame-
works. This model has applications in spintronics, plasma physics, magnet theory, and condensed matter physics.
Employing the two-potential extended Kudryashov and (G'/G, 1/G)-expansion methods, we derive some original
and generic solutions composed of trigonometric functions, hyperbolic functions, and their rational forms. For
particular values of the parameters, these solutions offer V-shaped, bell-shaped, kink, periodic, flat kink, and
singular periodic solitons. The physical behavior of these solitons is demonstrated through three-dimensional,
contour, and two-dimensional plots. The results are important in the study of phase transitions in ferromag-
netic materials, lattice vibrations in condensed matter, and the propagation of shock waves in plasma. This study

also demonstrates the potential and reliability of the employed strategies.

1. Introduction

In recent times, numerous potent and competent studies have sur-
faced, exploring nonlinear models across various engineering and
physical disciplines, such as water waves, signal processing, plasma
physics, condensed matter physics, optical fibers, quantum mechanics,
and more.!® Understanding the nonlinear phenomena of a system re-
quires the corresponding exact wave solutions. But the study of
nonlinear models has been a significant challenge over the years. The
resolution to this intriguing problem came with John Scott Russell’s
discovery of solitary waves, a special type of traveling wave. Solitary
waves exhibit notable virtues, including resilience, stability, and the
capacity to maintain their shape and velocity even after interacting with
others.’ Scholars have focused a great deal of attention on the unique
characteristics of solitons, providing several strategies for generating
soliton solutions to nonlinear models.

The nonlinear fractional order evolution equations are the general-
ization of integer-order equations, offering more realistic and satisfac-
tory outcomes in various nonlinear phenomena. They proved effective in
characterizing viscoelastic behavior with fewer parameters,' providing
insights into the behavior, stability, and unpredictability of chaotic
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systems,'! accurate predictions of contaminant transport on anomalous

surfaces at large scales,'” analyzing the variable memory effects in
complex physical systems'® and applications in image processing.'”
Various definitions of fractional order derivatives, such as the
Grunwald-Letnikov fractional derivative (FD), Riesz FD, Caputo FD,
Yang local fractional derivative, Jumarie’s modified Riemann-Liouville
FD, conformal FD, beta FD, Riemann-Liouville FD, etc., have been pro-
posed by researchers over the years.'°'° Some definitions, like the
Riemann-Liouville FD, Caputo FD, and conformal FD, have some
drawbacks.'”?° However, the beta FD, introduced by Atangana et al.'®
has not exhibited any deficiencies to date.

Beta derivative: Assuming a function /7 (¢) : [0, 0)—R, then the
beta derivative with respect to & of /7(&) represented as D’gi/’(f) and

stated as:'®
1-p
%<§+ 6(5+ﬁ) ) —7(&)
D7 (£) = lim

50 1

O<u<l. (1.1)

The definition (1.1) can be also expressed with integer order differ-
ential operator as:
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1
DL (¢) = (5 +7>
@ =
The following fundamental characteristics of conventional calculus
for the beta derivative can be easily proved>':

()
d

. Derivative of a constant: D’gC = 0, where C is a constant.
. Linear property: Df[®(&) + W(&)] = Di®(¢) + DLW(&).
. Product rule: D} (®(&)W(£)) = ®(&)D;¥(E) + P(£)D:D(E).
W(EDLD(E) - B(E)DIT()

v

AW N -

: LR
. Quotient rule: DEW =

1-u
5. Chain rule: DY®(¥()) = (5 + ﬁ) S, T,

The (2 + 1)-dimensional Heisenberg ferromagnetic spin chain
(HFSC) equation is a nonlinear Schrodinger type equation that explains
the nonlinear spin wave propagation in the ferromagnetic system with
magnetic interactions having classical and semi-classical frameworks.””
This equation has become a fascinating area of research in both math-
ematics and physics for its practical applications in fields such as spin-
tronics, plasma physics, modern magnet theory, and condensed matter
physics. Also, this spin wave has been used to develop reservoir device
on a chip.23 Latha and Vasanthi have derived the (2 + 1)-dimensional
HFSC model considering both anisotropic bilinear interactions, which
is applicable in the semi-classical framework.”* The (2 + 1)-dimensional
space fractional HFSC equation can be expressed as follows>":

iV, + 71, D2V + 7,DHV + 73 DAV — 7, [VPV(x,y, ) =0,0 < p < 1, (1.2)

where V signifies the coherent amplitudes of spatial coordinate x, y and
the temporal coordinate t. y;, y2, y3 and y4 are known as the magnetic
coupling coefficients and hold the following relations:

n =0 J+R), ro =0*(J1+J2), r3 = 20*(J2) and y, = 26*( ~ A),

where ¢ denotes the lattice parameter, and the parameters J and J;
represent bilinear exchange interactions in the xy plane. There is also Jo,
which denotes the neighboring interaction throughout the diagonal, and
~ A, which indicates the uniaxial crystal field anisotropy coefficient.
The model (1.2) incorporates dispersive terms denoted as y1, y2, and y3
along with the Kerr-nonlinearity coefficient y4. Previous research has
already achieved significant soliton solutions to the (2 + 1)-dimensional
HFSC equation for both fractional and integer orders. Bakicierler et al.??
derived trigonometric, hyperbolic, and rational solutions using the
modified extended tanh-function strategy; Uddin et al.’® derived the
soliton solutions using the generalized exponential expansion and the
modified Kudryashov methods by varying the beta derivative param-
eter; the auxiliary equation method along with conformal derivative is
employed by Houwe et al.%®, Seadawy et al.”” constructed dark, bright,
and combined bright-dark solitons, solitary waves, periodic waves, and
elliptic solutions through improved auxiliary equation and generalized
Riccati mapping methods; Hashemi’® utilized the simplest equation
method and Nucci’s method with conformal derivative; Hosseini et al.?’
developed 1-soliton solutions with exponential methods and others
in.>03% Besides the aforementioned applied techniques, there are many
other effective and advanced approaches to extract soliton solutions to
the nonlinear fractional evolution equations. These techniques include,
improved exp( — F(n)) -expansion method,>® the rational
(G/G)-expansion approach,*® the enhanced modified simple equation
scheme,”” the (G/G,1/G)-expansion method,>®%° the generalized
Kudryashov procedure,’’ the extended Kudryashov technique,” the
generalized bifurcation method,”’ the Riccati-Bernoulli sub-ODE
method,*” Hirota’s methods,”>*° the improved modified extended
Tanh-function method,*® and so on.

However, to date, no studies have been found that explore soliton
solutions for both the integer-order and fractional order HFSC equations
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through the efficient extended Kudryashov (eK) and (G/G,1/G)-expan-
sion approaches. The aim of the present research is to derive soliton
solutions for the fractional HFSC equation using these potential methods
along with the beta derivative. We obtain soliton solutions in trigono-
metric, hyperbolic, and rational forms, some of which align with existing
results for specific value of the arbitrary parameters while others are
novel and expand the current literature. These novel and generic solu-
tions offer V-shaped solitons, periodic solitons, singular periodic soli-
tons, singular bell-shaped solitons, kink solitons, and flat kink solitons.
These derived solutions have potential applications. For example, kink
solitons are important in the study of phase transitions in ferromagnetic
materials; periodic solitons describe lattice vibrations in condensed
matter; and bell-shaped solitons are useful in the study of the propaga-
tion of shock waves in plasma.

The article is organized as follows: Section 2 outlines the working
procedures of the two methods. In Section 3, the application of these
methods is discussed, followed by a comparison with earlier studies in
Section 4. Section 5 presents the findings in graphical form, providing
physical interpretations. The concluding remarks are presented in the
last section.

2. Methodology

In this part, we discuss the key techniques used in the methodologies
for the analytical study of fractional order nonlinear evolution (FNLE)
equations.

Assume the following FNLE equation:

X1, X147 X1X2:

P(;(, D’t‘;(,D’;I;(,Dﬁ‘(Z;(,...,Di“ ,D¥ _y, D¥ ;() =0,0<pu<l, (2.1
where P is a polynomial of y and its fractional or integer-order partial
derivatives and y is the function of spatial variables x7,x2,x3,...X,, and
temporal variable t. The parameter p in D, y indicates the order of the
fractional derivative. The traveling wave transformation converts FNLE
(2.1) into a differential equation of a single independent variable. The
traveling wave transformation is:

2(X1, X2, X3, ...Xp, t) = u(p)ePx1 X2 X0 Xa ) (2.2)

I [ [
: _k 1 k 1 kn 1
along  with pfj(t—&-ﬁ) +72<XZ+W> + ...+7(xn+ﬁ) _
O\
v 1
#(t—s—rﬂ) and

1 "
0(x1, X2, X3, ..Xp, t) = ‘;—l(xl +ﬁ> + ’;—Z(XZ—kri”) +

# u
‘;—"(xz + ﬁ) - %(t + 1%) . The amplitude of the new wave function is u

(p), and its phase is represented by 6(x1,Xx2,X3,...Xp,t). Additionally, v and
® are used to symbolize the wave velocity and wave number, respec-
tively. Using transformation (2.2), Eq. (2.1) results in the following
differential equation of u(p):

Qu, U, u', u"...) =0. (2.3)
The key steps of the methodologies for extracting the analytical so-

lutions to Eq. (2.3) are presented below.

2.1. The extended Kudryashov method

Step 1: This strategy provides the following series solution for Eq.
(2.3)

u(p) = Co + Z Zcikq)(l))i P(p)* + Z ZDikq)(ﬂ)fi ¥(p) ¥, 2.4

=1 it+k=l I=1 i+k=l

where the constants Cy, Cix, Dix, (i, k = 1, 2, 3...N) are to be calculated.
The two functions, ®(p) and ¥(p), that satisfy specific equations of
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differential calculus. ®(p) satisfies the Riccati differential equation,
while W(p) satisfies the Bernoulli differential equation. The Bernoulli
differential equation:

¥(p) = —Ri¥(p) + R2¥*(p),Rz # O, (2:5)
and the Riccati equation is
@'(p) = So + $1®(p) + S2®(p),S2 # 0, (2.6)

where the coefficients Sy,51,52,R1,R2 and f are real constants. The so-
lutions of Bernoulli and Riccati equations are

-1

—— R, =0,
Ryp+p ! )
¥(p) = R 2.7)
1
- 1 R #£0,
Ry + Riexp(Rip + f) 17
and
-5 Ja Va
z—szfgtanh<7p+ﬂ ,a>0,
=5 Va Va
25, 252coth( > p+pl, a>0,
=S V-a V—a
Op)=¢ ——4 ¥ =~ vy - X 2.8
(p) 35, TS, tan( 5 P+h) a<o, (2.8)
-S \/Ta \/Ta
2—S2—FCOt<Tﬂ+ﬂ , a<0,
s
25 Sp+p

respectively, where a = S — 45,S..

Step 2: The goal of this approach is to discover the soliton solution,
which arises when the greatest-order derivative in Eq. (2.3) balances
with the nonlinear part. N, which is a positive integer, is obtained from
this homogeneous balance in Eq. (2.3).

Step 3: After inserting (2.4) into (2.3) along with (2.5) and (2.6), we
obtain a polynomial of cbk(p)‘l‘e(p), M\ e =1, 2 3, ..). Then, we
formulate an algebraic system of equations by setting each coefficient of
(Dk(p)‘l’s(p), (A, € =1, 2,3, ...) in the polynomial to zero. Calculate the
values of the coefficients Cy, Cix andDy, (i, k =1, 2, 3...N) of the solution
(2.4) by solving the algebraic system of equations. Consequently, soliton
solution to the FNLE Eq. (2.1) is attained after substituting the trans-
formation (2.2) to the solution (2.4).

2.2. The (G/G,1/G)-expansion method

Step 1: According to this method, the trial solution of the derived Eq.
(2.3) is formulated as follows:

Vip) = a(G/GY + > bi(G/GY ' (1/G), (2.9)
j=0 j=1

where j is a positive integer found using the balance principle along with
constants g; and b. G = G(p) in Eq. (2.9) will satisfy the subsequent
equation of second-order:

G'(p) + eG(p) = 6, (2.10)

where A and § signify arbitrary parameters. The following relationships
can be evaluated

Y =-Y2+60 —¢0 =-YO, (2.11)

with Y(p) = G/G, O(p) = 1/G.
Three cases arise from the general solution of Eq. (2.10), and they
are:
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Case 1: The general solution of Eq. (2.10) consists of the following

combination of the following trigonometric functions, for ¢ > 0:
. o

Glp) = gisin(ve p) +gocos(vE p) +7, (2.12)

e(Y2-260-+¢)
T

along with 2 = , 6 = g2+ g2, and the arbitrary constants gj,

82.
Case 2: When ¢ < 0, the hyperbolic functions constructed the general
solution of Eq. (2.10) as follows:
. 13
G(p) = glsmh(\/fe p) +g2cosh(\/fe p) +E’ (2.13)
. o e(Y*-200+¢)
together with 0° = — ———5—
constants g1, g.
Case 3: When ¢ = 0, the rational algebraic functions constructed the
general solution of Eq. (2.10) as follows:

, where ¢ = g2 — g2, and the arbitrary

P
Glp) =" +&ip + &, (2.14)

: 2 _ 1
along with ©° = ey

Step 2: Substituting the values of V(p) and its essential derivatives
into (2.3), yield an equation containing Yj(p), @i(p) as well as their de-
rivatives. By replacing the value of ®%(¢) and their derivatives, the
higher-order terms of ®(p) and the derivatives are vanished from the
attained equation from the attained equation.

Step 3: By comparing the coefficients of YY! (j =0, 1, ...N; i =0, 1)
on both sides of the attained equation, an algebraic system of equations
is obtained. Numerous solutions to the Eq. (2.3) are obtained by solving
this system of equations for the coefficients of the solution (2.9).
Inserting the wave transformation Eq. (2.2) to these extracted solutions,
we obtain our desired solitary wave solutions to FNLE Eq. (2.1).

(Y2 —250) and the arbitrary constants g1, g».

3. Solutions of the space fractional Heisenberg ferromagnetic
spin chain equation

The two approaches described earlier are applied in this section to
establish solitary wave solutions to the fractional HFSC equation.
Consider the beta traveling wave transformation as follows:

Vv =u(p) e”, -1

"
where p = 'Z—‘l(x-&-riﬂ);-&- "f(y-i-rl—”)u— ut, 0 = ’;‘—l(x-&-rl—”)”-i-
ke 1\
7(}’4—3) — wt.

Eq. (3.1) reduces Eq. (1.2) into

(0 =Ky, — K3y, —kikays)u(p) — rau(p)® + (11 + 13 (v +7212) ) (p)

—i(v = ka(rsmy + 2r212) — k1 (2y1m; +7312))e (p) = 0. (3.2)

The real and imaginary components of (3.2) yield

(CU —K2y, — k3, — klkzyg)u(ﬂ) - 74”(/7)3 + (Vl’ﬁ +1y(y3m + Yz’?z))uﬂ(ﬂ)
-0,
(3.3)

and

v =ka(rsm + 2r212) + ki (2r1m +v3m,). (3.9
3.1. The eK method

Balancing u’(p) with u(p)3 in Eq. (3.3), we attain N = 1. Conse-
quently, the solution of (3.3) according to (3.4) will be in the following
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form:

u(p) = Co + Ci0¢(p) + Coap(p) + 0 vy

Inserting (3.5) together with (2.5) and (2.6) into (3.3), we obtain a
polynomial of ®*(p)¥e(p), (A, € =1, 2, 3, ...) after multiplying both sides
by ¢(p)3ql(p)3. Equating the coefficients of (Dk(p)‘l’s(p), nNe=1,2,3,..)
to zero forms a system of equations. By solving this system for Co, C1,o,
Co,1, D1,0, Do;1, o, yields three sets of coefficients corresponding to
various soliton solutions of Eq. (1.2).

(3.5)

T (rai +ral2)
, C

L 7i\ﬁ52 71’7%*'12(73'11*72’72)
eNA

Set1: G, =%
Do1=C10=0,

o =k2yy + K3yo + kikays + Sa(yin? + ramng + val3)-
Substituting the coefficient values into solution (3.5) and after some
simplification, we obtain:

» D10 =

Var/yin3 + 1y (vshy + ran,) tanh (ﬂ + %p\/&>

V(x,y,t) =+ e’ a>0.
\eN
(3.6)
Vay/rii3 + ny(rsiy + 1a11,) coth (ﬁ + %pﬁ) .
V(x,y, t) ==+ ele,(l > 0.
V27s
(3.7)

V=a\/ri? + ny(rshy +720,) tan (ﬂ + %Na>

V(x,y,t)=+ e’ a<0.
V2y7s
(3.8)
V=a\/rid + 5 (rat + 1212 COt(ﬂ + %/’\/5) )
V(x7y7 t) = :*: elga < 04
V2y7s
(3.9
7
Vixy, 1) = i\/532\/}’1’71 + 12 (rsm + }’2’72)ei07 (3.10)
(B+pS2)\/72
u p
where, p = 'L—1<x+r1—”) + %(y+ﬁ) = tlka(rsm +  2ram2) +
ki (2rym + vsm2)},
u [
0 — %(errlT;) T ’%(erri”) - t{k%yl + Ky + kikoys +

3a(rnd + ramia + ran3) } a =S — 455>
21V 7l T2 7t Tr2l2)
:t\/isox/ sz 2l
Nz
o =k, + K3y, + kikays + %a(}’l'ﬁ + r3mny + 72'7%)~
Upon plugging these values into solution (3.5) and abridging the
expression, we derive the subsequent outcomes:

. .Sy YL (3l +7202) _ _ _ —
Set 2: Cp = + Vi , Cop = C10 = D10 = 0, Do1 =

>

Vg +ny(rsi + 72’/2){(1 + S1y/atanh (ﬁ + %p\/a)}
\/ﬁ\/ﬁ{sl ++a tanh(ﬂJr%p\/E) }

6197 a

V(x,y,t) =+

>0,
(3.11)
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eu‘]7 a

Vit +n5(rsi +mz){a+sn/5 COth(/f+%p\/5>}
\/5\/;7;{51 +va coth(ﬂ + %pﬁ) }

Vix,y,t) =+

(3.12)

e’ a

V1B +1s(rsm +y2ﬂz){a751\/f_atan<ﬁ+%p\/?a) }
\Fz\/ﬁ{sl —J—“atan(ﬂ+%p¢—‘a>}

V(ix,y,t)=+

(3.13)

Vi1, (rsi ""72’72){“""51\/ —aC0t<ﬂ+%P\/ —a> }

V(x,y,t) =+ e’ a
\/E\/ﬁ{sl +cot(ﬂ+%px/fa)\/fa}
<o,
(3.14)
25:S 2 )
Vxy,t) = + 182/ 1 + 1o (vai + }’2’72)7e197a <o, (3.15)

V2(28; + 51 (5 +wS2)) /74

u I
where p = :'71(3‘ + ﬁ) + %(J’ + 1"17) = tlka(rsm + 272m2) +k1(2r1m +

Ysh2)}s

W) R 0es)
O0=—|x+—) +—(y+=—
I T U Y Tu

1
- t{kfh +IGrs +hakays + 5 @yt +ramins +r2f1§)}, a

2
= Sl - 45052.
. _ £R1 /1102 (r3t +72112) _ _ _ —
Set 3: Cy = Vi , Coqp = D1 = Do, 0, Cipo
+v2Ry 71'112“72(}’3'11+72’72)

Nz

1
o =k}y; + K3y, + kikays + ER% (71’7% + 73, + 72’7%)-

By inserting the values of set 3 into Eq. (3.5) and refining the
expression, the resulting solutions are obtained as follows:

R (€PPRy — Ro)/riiiE + M2 (vaits + 12712)

V(x,y,t) = Le ,R 0,
(x.y:1) \/Q(eﬁ+pR1R1 +R2)\/ﬁ 17
(3.16)
Vix,y,t) = iei(’(sz + Ri(B + pR2)) V7113 + o (ysy + 72’72),R1 —o,
V2(B + pRa)\/7a
(3.17)

Iz #
where p = %(X + 1-17> + %(J’ + 1}7) — tlka(rsm + 272m) +k1(2r1m +
Yai2)}s

W) S0es)
O0=—|x+—) +—(y+=—
JZ Tu JZ Y T

1
- t|:k%71 + K37, +kikays +§R%{}’1’7% +15(vsi + 72’]2)} .

3.2. The (G/G, 1/G)-expansion method

Through the application of the homogeneous principle of balance to
Eq. (3.3), it can be derived that N = 1. Therefore, the solitary wave
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solution of Eq. (3.3) holds the form:
u(p) = ao + a1p(p) + by (p).

Employing the major steps asserted in the section of methodology,
the following set of solutions have been supplied for Eq. (3.3).

Group 1 (A < 0): The obtained solutions for this condition affiliated
with the parameter A are as follows:

(3.18)

Family 1: a = 0, a =
i\/¢52+lz (\/a) klyl kzyz k1k2y3)
v
k1 = ki, ko = ko, 0 = 0, v = ka(y3n1 + 2y2n2) + k1(2y1n1 + y3n2),

imﬁ\/ A(8K372+r2n3 472 (—8w+8K 71 +8kikays — 4/1hr11))

NN >

2 = 207
: NP _ - k1/1 —k3rs—kikays _ _ _ _
Family 2: qy =0, q; = £¥——11_2/2 123 NN ,b1=0,86=0,0=0,v=
katysm  +  2yam2) 4+ kQym 4+ y32),  mp =
\/4/1273’71 8172 w— k171 kz}’z k1k273+2)*71’71) +22y3m

42y,

v/ —20(w—k2y; —kZy,—kik
Family 3: a9 = 0,a; =0, b, = + 2o(@ ‘\hﬁ 212 m), §=0,v=

7
k1(2y1im +

ka(ysn: + 2y2n2) + Y3n2), Ny =
/P r+ 40 (0K —Krg —Kikays—ini11) —iram
Zira :

Utilizing the values of parameters assessed in family 1 to solution
(3.18), the originated solution of Eq. (3.3) is

ulp) = =+ o—kir, —Kay—kikars

A (%+sinh(ﬂp)g1 +coxh(ﬁﬂ)gz) V7a
V=Ap)g + sinh(V—1ip)g2) }
Therefore, solution of the Eq. (1.2), obtained from the trans-
formation (3.1), has the form:
ew\/w - k?}’l - kg}’z —kikays
2 (;—5 + sinh(v/—1p)g1 + cosh(v—1 p)g2> N

A(cosh(

(V&4 720 -

{(V&*+ 226

V(x,y,t) =+
7/1(cosh<\/f_/1p)g1 +sinh<ﬂp>g2)}, (3.19)

I I "
along with p :%<X+€7> +”7f(y+r17) —ut,and 0 —k‘<x+m> +

“
k 1
f<y+r7) — wt.

In a similar manner, the remaining solution sets were utilized to
produce the subsequent solutions for Eq. (1.2):

+ ”’*k%h *k572*k1k273 b] —

e’ (cosh(ﬁp)gl +sinh(vV=1p)g2) \/a) — Ky, — Ky, — kikay,

xy,t) = .
Vixy0 (sinh(V—=1p)& + cosh(vV—=1p)g2)\/7a
and
ei"\/726(a) — okly, — okly, — okikays)
Vixy.t) = 3-21)

+ .
(sinh(V=2p)g + cosh(vV=1p)g2) /74

I I
In solutions (3.20) and (3.21), p = %(x-i—%ﬂ) + ”f(y-&- rl7> — ut,

" H
andg =k (x + r,;) + ';—Z<y + Fl—”> — wt. Now, if we make the estimation

that 8 = 0 and g» = 0, the solution (3.19) takes the form:
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e’ \/a) 7k%71 - kg?z —kikars
Nz

V(x,y,t) ==+
(3.22)

Analogously, the rest of the solution may be altered to another form
of solutions.

Group 2 (A > 0): The solutions, we have obtained for Eq. (3.3)
through the aforementioned method, are as follows:

i\/fwrkfh +k37otkikars

{csch <\/—7/1/)> - coth(x/—_lp> }

Family 1: a = 0, a = Vive , b=
\/ &2 6(\/7w+k171+k2/2+k1k2}’3)
e

v = kalyam 4+ 2yam2) +  kQyimyan, = -

\//1273171 — 4y (20237, ~2K3y, — 2k1k273+171»71)+173n1
2073
v 2: an — _ yVeotkintirthikrs b9 5—0 p—

Family 2: ap=0,a; ==+ Vi ,b1=0,8=0,v=ka(ysm
+ 2y212) + k1(2y1m + Y3N2), Ny = -
\/4/1273'7% 8/172 w— k171 szz k1k273+2/~71'71)+2)~737/1

4hyy
2 w—k2y, K2y, —kik:

Family 3: ap = 0,a; = 0, b; = i\/_ oo kin Kk 273), 8§=0,v=
koysmi  +  2yan2) +  ki@@ymi A+ yan, My =
*irsnﬁ\/izrgnﬁ%/z (0-kr, —K5r,—kikays— 171'71)

24y,

Applying the values of the parameters stated in family 1 of group 2 to
Eq. (3.18) and Eq. (3.1), the obtained solution of Eq. (1.2) is

&'\~ + Ky + K2y, + kakars
A(f +sin(vVip)g + cos(ﬂp)g2> N

{(V-8+2%

V(x,y,t) =

- <cos (ﬂp)gl - sin(ﬁp)g2> I3

Analogously, the other solutions have originated as:

(3.23)

€ (cos(vVap)g — sin(vV2p)g) \/—a) + K3y, + Kyy + kakays

V kl 7t = i
(x,y,t) (sin(Vip)g + cos(Vip)g) 7a
(3.24)
and
0,/3 — Ky, — K2y, — kik
Vixy, ) = (\/G(w e R 273)‘ (3.25)
(sin(VAp)gi + cos(vVip)g)\/7a
(3.20)

)

" " "
n 1 n. 1 k 1
Here p = ;(x rﬂ) :<y+1—7]) — Ut alldﬁ_f(erﬁ) +
k; !
1
Tf(y+m) — wt.

Group 3 (A = 0): The solutions, we have obtained for Eq. (3.3)
through the aforementioned method are as follows:

Family 1: a@ = 0, a = - %\/gz%, b = -
V& =208 (\/rini+raimnatrans)

V275 ’
v = kalysm + 2yam2) + ki@ymi 4+ ya2), ki =

( \/ 4oy — 43y s HG P2 ) —kars

2n
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Table 1

Comparison of the outcomes attained from the eK method to the prior work in.?’

1.2 Results attained in this study

When p = 0, the outcome (3.6) can be
represented as:

V(p) = +y/a Atanh Ep\/&] el’.

Results of Seadawy et a
The outcomes in Eq. (37) is:

Q) = -
AovT tanh(%f) .
— = e,

q
The solution in Eq. (38) is:
Q() = -

A /7 coth (ﬁf)
2 i
_—— e

When p = 0, the outcome (3.7) can be
represented as:

Vip) = +v/a ACOﬂ](%pF&) el

q
The solution in Eq. (49) is:
Qus(8) = -

A ﬁtan(@é) Y
— =2 ¥

When p = 0, the outcome (3.8) can be
represented as:

Vip) = :t\/——aAtan(%p\/Ta) elf.

q
The solution of (50) is: When § =0, S; = S, # 0 the outcome (3.9) can

Qua(é) = — be represented as:
v LN
Ap \/—7 cot Tf V(p) = £v/=a A cot ip\/—_oz elf,
N2 e,
P e
Table 2

Comparison of the outcomes attained from (G'/G, 1/G)-expansion scheme to the
prior work in.*’

Solutions of "/ Solutions of this article

Solution (16) and (17) holds the
general form as
o () = Hxotan(y7é ) e,
where ko, | = free parameters.
Solutions (26) and (27) hold the
general form

v11(8) = :txocot(\/ﬁf) el,

Solution (3.24) of the recent paper takes the
general form

V(x,y,t) = +aitan(Vip)e?,

for g, = 0.

The solution (3.24) of the presented paper
takes the general form

V(x,y,t) = +aicot(vVp)e?,

for g; = 0.

The solution (3.20) of the presented paper
takes the general form

V(x,y,t) = +Artanh(v—1p)e?,

for g =0, and A; = ia;.

Solutions (36) and (37) hold the
general form
o1(§) = xytanh (/7€)
here, x; = ixo.

Solutions (46) and (47) hold the
general form
v11(8) = ixlcoth(,/fn cf)em,

here, k; = ixo.

The solution (3.20) of the presented paper
takes the general form

V(x,y,t) = +A;coth(vV=7p)e?,

for g; = 0, and A; = ia;.
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- T 1 = Y K

Family 2: a9 = 0, ¢y =

(\/4(»71*4k27172+k27§) 7k273,6 —0,v= k2(Y3T]1 + 272“2) + kl(zerll + YSﬂZ)~

2y,
. RV 28%(71’1%‘*’73'71'12‘*’72'1%)
Family 3: ap = 0, a; = 0, by = 77,&: -
\/ 4o —4k3y1 7, +k§Y§ +kays
2n ’

8 =0,v=ka(ysm + 2y2n2) + k1(2y1m + v3n2)-
The following solutions are found by entering the above-estimated
values of the parameters in Egs. (3.18) and (3.1).

e“(8p + &)V} + rstils + 1215
Viy, o =~ 1)2 R S (Sp+g1) — \/&F — 208 ¢
ﬁ(%ﬂ)& +gz)m
(3.26)
Vicy.t) = &8V 20n + vainls + 1) (3.27)
e V73 (081 + &) ’
Vioy.t) = €V281\/ 11 + 13ty + 1213 (3.28)
e (P& + &)\/74 '
" I I
where p = %(erriﬂ) + %(y+rl—ﬂ) — ut, and 6 = %(errL”) +

"
ky 1) _
m (y + r,,) wt.

4. A comparison of the results

To verify the uniqueness of the solutions offered, we compare our
findings with those from prior studies to assess the effectiveness of the
approach in providing novel and reliable solutions. The solutions ob-
tained through the eK method have been compared with those reported
in the prior article by Seadawy et al.?’. The following considerations
facilitate the comparison:

71*7% g (r3hy +ratl2)

\/E\/ﬁ ,a:S%—48082.
For the earlier research?’: T = ¢* — 4pr, ¢ = P1x + Pay + vt + 6.
Analogously, the obtained solutions through the (G/G, 1/G)-
expansion method have been compared with the solutions of the prior
article reported in.*” To proceed this task, we choose the successive
values for deducing the general form of the solution, which assists to
compare the solution easily. The assumptions are as follows:

Vas(@p?tpgastqiar—r
k

For this paper: A =

Iv|
0.15
0.10
0.05
5
X 10 2
(a) 3D graph.

4

(b) 2D plot for t = 5.

For the previous article: «xo = - n=
(ap*+pgas+qPar—r _
2(aya>+abas +b2az )’ Q=px+qy —t,§=ax + by — ot.
0.16
0.14
0.12
0.1
0.08
0.06
0.04
&= 0.02
X
6 8 10

(c) Contour plot.

Fig. 1. Graphical representation of the absolute component of solution (3.6).
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(a) 3D plot. (b) 2D plot for t = 2. (c) Contour plot.

Fig. 2. Graphical exhibition of the absolute component of solution (3.6).
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Fig. 3. Graphical exhibition of the imaginary component of solution (3.6).
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(a) 3D plot. (b) 2D plot for t = 3. (c) Contour plot.
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Fig. 4. Graphical exhibition of the real component of solution (3.6).

For this article: a; — + —0+k3y, +K3rythikays p=1 approach provides a broader range of rational solutions involving trig-
: Y 7 .

onometric and hyperbolic functions, which were not explored in their
study. In Table 2, we compare the outcomes from the (G/G,
1/G)-expansion method with the extended rational sine-cosine tech-
nique. This comparison highlights that while some of their solutions can

Seadawy et al.”” employed the Riccati Mapping technique to derive
soliton solutions for the HFSC equation. Our comparison with their
findings, detailed in Table 1, validates several of their solutions specif-
ically for p = 0. Additionally, the comparison reveals that the eK

|V| 10

)

IS

N W b O O

05

2 4 6 8 100 °C % & % & w

(a) 3D plot. (b) 2D plot for t = 5. (c) Contour plot.

Fig. 5. Graphical exhibition of the absolute component of solution (3.17).
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(b) 2D plot for ¢ = 4.
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Fig. 6. Graphical exhibition of the real component of solution (3.17).
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Fig. 7. Graphical exhibition of the modulus of solution (3.19).
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(a) 3D graph.

(b) 2D graph for x = 0.

Fig. 8. Graphical exhibition of the imaginary component of solution (3.19).

be replicated using our approach by appropriately choosing the arbi-
trary constants, our method also introduces novel trigonometric and
hyperbolic solutions. Unlike the separate strategies used by Cinar
et al.47, the (G/G, 1/G)-expansion method integrates both types of so-
lutions within a unified framework.

The aforementioned comparisons conclude the efficiency of these
two methods in the extraction of solitary wave solutions from the
FNLLESs, and our obtained fresh and generic results significantly increase
the number of potential solutions to this equation.

5. Results and discussion
In this section, the results are plotted for various values of the

physical parameters, displaying both familiar shaped solitons and
recently discovered shaped solitons.

5.1. Solutions obtained from the eK method

The modulus part of (3.6) portrays a V-shaped soliton for the
appropriate values of parameters k; = 0.55, ko = 0.66, 1 = 0.8,11; =5, 12
=—4,y1 =0.01,y2=0.001,y3=0.06,y4=1,0a=0.225,p = -4,y =1

as depicted in Fig. 1. This type of soliton is also known as a dark soliton.
The dark soliton can be described as a surface wave envelope that is
localized and causes a temporary reduction in the amplitude of the
wave. This soliton is useful in the study of the propagation of shock
waves in plasma. They correspond to the minimum of both the elec-
tromagnetic energy density and the plasma density and propagate
without changing their shape. In electron-ion plasmas with low propa-
gation velocities, dark solitons have been observed, while in electron-
positron plasmas, they exist as stable nonlinear coherent modes. This
V-shaped soliton transforms into a flat kink soliton when n; changes
from 5 to 1.78, as shown in Fig. 2. Additionally, the imaginary and real
parts of the solution (3.6) both exhibit periodic solitons for different
parameter values. Specifically, the imaginary part shows a periodic
soliton in Fig. 3 fork; =1.02, k2 =0.66, 41 =0.9,, 11 =2.7,12= —4,y1 =
0.01,y2=0.001,y3=0,y4=1,a = 39.4, p = —4, and y = 1. Meanwhile,
the Fig. 4 represents a periodic soliton in the real component of the
solution for the choice of the parameters k; = 2.475, ko = 1.96, p = 0.94,
nm=27,n2=-4,y1=0.01,y2,=0.001,y3=0,y4=1,0=1.35,p = —4,
andy = 1.

Fig. 5 illustrates a singular bell-shaped soliton of the modulus of the
solution (3.17) which is plotted for the values k; = 0.55, ko = 0.66, p =
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Fig. 9. Graphical exhibition of the imaginary component of solution (3.20).
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Fig. 10. Graphical exhibition of the absolute component of solution (3.21).
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Fig. 11. Graphical exhibition of the imaginary component of solution (3.22).

0.95,m, = 1.7, 12 =4, y1 = 0.165, y5 = 0.36, y3 = 0.45, y4 = 1.29, Ry = 4,
f = 4, and y = 1. The real component of (3.17) represents a singular
periodic soliton in Fig. 6 for the values of parameters k; = 0.55, kg =
0.66, 1 =0.67,m =1.7, 2= —4,y1 =4.01,y2=1.4,y3=0.1,y4 =1, R,
=-4,p=-25andy=1.

5.2. Results attained from the (G'/G, 1/G)-expansion scheme

The modulus of solution (3.19) represents a kink soliton presented in
Fig. 7 for the values of parameters k; = 15, ko = 13.7, p = 0.99, A =
—5.25,0 =15,y =0, y; = 7.15, y2 = —3.65, y3 = —3.75, y4 = 6.2, §1 =
—3.08, g2 = 4.36, 111 = —13.85, and § = 0.45, while the imaginary part of
this solution depicts a periodic soliton shown in Fig. 8 for the chosen
values of parameters k; = —2.35, ko = —9.9, p = 0.99, A = —4.35, ® =
4.05,y =0, y; = —15,y2 = —13.5, y3 = —15, y4 = 1.85, g3 = 3.46, g» =
—5, 11 = 9.65, and & = —0.35. Kink soliton is a topological soliton that
goes under a shock and sharply changes asymptotic state. From Fig. 7, it
can be observed that kink soliton doesn’t vanish for t - oo. Kink soliton
can propagate along the chain, maintaining its shape and speed over
long distances, due to the balance between the ferromagnetic in-
teractions and the nonlinear effects that stabilize the soliton. Kink soli-
tons are important in the study of phase transitions in ferromagnetic

materials. Periodic soliton is a nonlinear wave that maintains its shape
while traveling through a medium. It is a highly stable soliton that can
be utilized in this context to describe lattice vibrations in condensed
matter.

Fig. 9 shows the graphical exhibition of the imaginary component of
the solution (3.20), which is plotted for the values k; = —4.5, ko = —15,
p=099,r=-279, 0=02y=0,v =-7.321, yo = —4.42, y3 =
—14.15, y4 = 6.1, &1 = —4.4, g2 = 3.91, and n; = —9.8. The imaginary
part of the solution (3.20) represents a flat-periodic soliton for the
chosen values of parameters. From Fig. 9, we can notice that the periodic
wave soliton goes under a shock at t = 5 and turns to a flat soliton. By
studying this type of soliton, researchers can gain insight into the
fundamental properties of matter and energy, and develop new tech-
nologies based on these properties. The absolute part of the outcomes in
(3.21) is represented in Fig. 10 for the values ky = 1.35, ko = —7.7, p =
0.79,A=—0.99,0=0.9,y =0,y; = —10.6, y2 = —1.15, y3 = —8.41, y4 =
9.3, g1 = —2.6, g2 = —3.43, and n; = —3.25. The absolute value of the
solution (3.21) exhibits a bell-shaped soliton, which is a potential soliton
for information processing and transmitting data or energy over a
distant zone without distortion. Due to its stability, it is a useful tool for
understanding the dynamics of quantum systems. The solution (3.22)
exhibits periodic behavior, including the absolute value, as well as the
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real and imaginary components. Fig. 11 includes the depiction of the
imaginary component of the solution (3.22) for the values k; = —0.1, k2
=1.75p=0.99,A=0.1,0=235y=0,vy; =15, y2 = —9.25, y3 =
11.1, y4 = 8.6, g1 = 1.24, go = 1.55, 1 = 11.3, and & = 4.04.

6. Concluding remarks

This study successfully extracted soliton solutions to the (2 + 1)-
dimensional space fractional HFSC equation using the extended
Kudryashov and (G'/G, 1/G)-expansion approaches, including the beta
derivative. The derived soliton solutions involved trigonometric,
rational and hyperbolic functions, each with sufficient parameters. The
visualization through 3D, 2D, and contour graphs effectively illustrates
various soliton types, including bell-shaped, singular bell-shaped, peri-
odic, singular periodic, kink, and flat kink solitons. Some solutions
coincide with existing ones under specific parameter values, confirming
both the validity and generality of our findings. A significant number of
solutions introduced in this study are original which are not found in the
literature. These novel and generic solutions provide valuable insights
into understanding phase transitions in ferromagnetic materials, lattice
vibrations in condensed matter, and propagation of shock waves in
plasma. Moreover, the extended Kudryashov and (G'/G, 1/G)-expansion
methods have demonstrated their reliability and robustness in extract-
ing soliton solutions for fractional order nonlinear evolution models.
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