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Abstract: This research work is concerned with the
application of both homotopy analysis and homotopy
perturbation methods to linear and nonlinear,
homogeneous, and nonhomogeneous fractional order
partial differential equations and fractional order Sturm-
Liouville equation. The fractional order derivatives are
interpreted in Caputo sense. The applications of the two
semi analytical methods are extended to one dimensional
fractional order wave equation. Although homotopy
perturbation method involves asymptotic expansion of
terms with small parameter, but it pays off in the
accuracy of the results obtained through which are
similar to results using homotopy analysis method. All the
problems selected from the existing literature made
provision for results with integral order values, but in the
present work we equally present results for fractional
order. Our results are presented in 3D graphs and
compared well with the existing results in the literature.
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Expansion, Asymptotic Expansion, Zeroth-order
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1. INTRODUCTION

In 1992, Liao in his PhD thesis used the basic ideas of
homotopy in topology to propose a general analytical
method for nonlinear problems. He named his new
method Homotopy analysis method (HAM) which he
used to obtain the series solution of nonlinear
differential equations [2,3,36]. In the last few decades,
the HAM has been applied to solve many types of
nonlinear problems [10,13,33]. Homotopy analysis
method makes use of an auxiliary parameter which
provides a convenient way to control and adjust the
convergence rate of approximation [3].

The Homotopy Perturbation Method (HPM) which
harmonizes the perturbation method and homotopy
method, was proposed by He [24]. It converts strictly
nonlinear problems to the type that can easily be solved
with reduced rigour [24,25,26]. HPM was also used in
solving not only nonlinear initial value problems
(IVPs), but also boundary value problems [27]. It
suffices to state that without adequate knowledge of

use perturbation method (PM), implementation of
HPM would be an illusion. [18] applied PM to solve
non-periodic dynamical system problem. Although the
method was originally introduced much earlier and
used by many scientist [2].

In recent years, differential equations of fractional
order have been the focus of many studies due to their
frequent appearance in various applications in fluid,
mechanics, visco elasticity, biology physics and
engineering [21]. Consequently, considerable attention
has been given to the solutions of fractional differential
and integral equations of physical interest [3]. Many
important phenomena in electromagnetism, acoustics,
viscoelasticity, electrochemistry, and material science
are well described by differential equations of
fractional order [17]. Fractional theory has many
applications [5]. Moreover, fractional modelling has
been applied in micro-grids [4] and decentralized
wireless network [3].

Fractional differential equations involve real or
complex order derivatives [9], various researchers
contributed on fractional derivatives during the 18th
and 19th centuries for example Abel, Caputo, Euler,
Fourier, Laplace, Liouville and Ross [4].

Most of the problems in science and engineering,
physics, chemistry, and other sciences are nonlinear
and can be described very successfully by modelling
using fractional calculus [33]. That is, the theory of
derivatives and integrals fractional order [20]. For
instance, the nonlinear oscillation of earthquakes can
be model with fractional derivatives can eliminate the
deficiency arising in the assumption of continuum
traffic flow [22]. Most fractional differential equations
do not have exact solutions, so the approximate and
numerical techniques must be used [15]. Various
analytical method such as Variational Iteration
Method, Adomian Decomposition Method, Homotopy
Analysis Method, and Homotopy Perturbation Method
have been used to solve several forms of differential
equations [19,24,26,29,30,35]

In this work, two semi-analytical methods used are
HAM and HPM. These two methods are selected for
the solutions of nonlinear, homogeneous, and
inhomogeneous fractional order partial differential
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equations, because of their accuracy, simplicity in
implementation and low computer memory utilization.
With the simplified algorithms tailored after the well-
known HAM and HPM for the class of problems we
solved, that are present in sections 4.2 and 5.2, we were
able to obtain solutions for both fractional and integer
orders. We equally present 3D graphs for the two
cases.

2. PRELIMINARIES

2.1 Fractional Calculus

The field of fractional calculus is almost as old as
calculus itself, but over the last few decades the
usefulness of this mathematical theory and its
applications as well as its merits in the field
mathematics has become more evident. Several
definitions were evolved, some modifying some
existing ones. Few important ones used in this work are
given in the sequel.

2.1.1 The Riemann-Liouville Fractional Derivative
The Riemann-Liouville integral of order n = 0 for
continuous function f on [a, b] is defined by

JIf(X) = — [Xx— " f@)dt, 1>0, (1)

a<x< br,(r\?/here Gamma function of n is

rtn = J‘me"‘x"‘1 dx. )

And the re(;ult in (1) can equivalently be written as

Jtf = ﬂ AR 3)
r¢g-n+1)

2.1.2 The Caputo Fractional Derivative
The Caputo fractional derivative operator D of order
7 is defined as follows

1 —_ 1 [*fm — n-n-1
Df(t) = o Jo PO -1 dt, 4)
wherer—1<p<r, reN,n>0andx > 0.
This can as well be written as
p1gE = TG*D en

t r-n+1) t ®)

2.2 Properties of Homotopy Derivative
Given that ¢ and ¢ are two functions that are analytic
with respect to the homotopy parameter pe[0,1] in a
manner that ¢ =X u;p/ and @ = X2, u;p
represent their respective Maclaurin series. The rth
homotopy derivative of ¢ is given as
1d"¢

D, (¢p) = = dp" r=>0,reZ (6)
Furthermore, if D,.(¢p) = u,, it follows that

Dr(p]¢) = Dr—j(¢) = ur—j' 0 <i <r, (7)
and

D,B$®) = D D)) Dy () = ) upju. (8)
j=0 j=0

‘p=0,

See [29,30,31].

3 Statement of Problem

The three classes of fractional order partial differential
equations considered are:
“u(x,t) ?u(x,t) _du(x,t)

Frramt Y o922 +¢ T: + Au(x, t) (9)
where y, §and 4 are non-negative constants, and 1 <
a < 2. The associated boundary conditions are
u(0,t) = pf(t), u,(0,t)=qf(t) and u(x,0)=
rf(x), where p, q, TeR;

u L 0%u(x,t)

uu(x, t) = kT ’

with associated initial and boundary conditions
u(0,t) =u(mt) =0,1<u<2,y=2

ux,0)=x, 0<x<m
u(x,0) =0, 0<x<m,

and fractional order Sturm-Liouville

Dty(t) + p(D)y(t) = 2¢y(t), 1< pu <2,

subject to

cy(0) +dy'(0) =0and ry(1) +sy'(1) =0,

where ¢, d,r,s € R.

(10)

equation
(11)

4 A Review of Homotopy Analysis Method (HAM)
4.1 The Zeroth and rth Order Deformation Equation
Consider the nonlinear differential equation
N[u(x)] =0, (12)
where N is a nonlinear differential operator, x is the
independent variable, and u(x) the unknown function.
There are essentially two types of deformation in
HAM, and they are as given
(1 -p)L(¢(x;p) — up(x)] = phN[@p(x; p)], (13)
where p € [0, 1] is an embedding parameter, h # 0, L
is an auxiliary linear operator, u, is an initial guess of
u(x) which generally satisfies the initial conditions,
and ¢ (x, p) is an unknown function.
While the nth order deformation takes the form
L[, (x) = e, (0)] = hD,_([N(¢(x; p))] , (14)
where
_ (0, r<1

Ar = {1, r>1.
(18) is obtained after r times differentiation of zeroth
order deformation equation.

The D,_1[N(¢(x; p))] is given by

1 0" 'N[¢(x;p)]
DT—I[N(¢(x’ p))] - (r — 1)| apr_l
In this research, h = —1 in most cases and in few cases
h = 1 (depending on the value adopted in the literature
for the specific problem).

(15)

4.2 Methodology: Implementation of HAM

The problem in (9) is discussed here with the details of
implementation of HAM.

The homotopy analysis method requires that
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L(x) = 16
@ ="z (16)
and
2
N( ) _ 9% u(x t) a ;tt(;c,t) _ %_Bu(x t) lu(x t)
17)
Using the mth order deformation equation
L(um - Xmum—l) = th—lN[u]' (18)
and the homotopy derivative D,,, we have
0%u(x, t) 6Zu(x,t) 6u(x t)

[N[u m[ axx a2 —¢
Au(x, t)]

_Ip %u(x, t) *u(x, t) ou(x,t)
TP T axe TV g TS T g
— AD,u(x, t)]

0%y (x, 1) 2up(x,t)  _ouy,(x,t)
T axe VT a2 at
— Au,,(x,t), m=0,1,2,.. (19)

Thus, the successive derivatives take the form

a“uo azuo 0u0
DO[N[u]] - Ix™ - atz _E Up
*u, %u, aul
E e I P T T
%u, *u, du,
D,[N[u]] = o Yoz fﬁ—ﬂuz
(20)
Using (20) in (18), we have for m=1, where y,; = 0,
L(uy — x1u)
= hDyN[u], (21)
implies
LGuy) = %u, 0*u, _odu, ] 22
uy) = Ix@ Y atz E at Uy ( )
%uy  [0%uy 0 ug 2 23
axe  axe Vo f wo|  (23)

At this juncture, u(x, t) shall be expanded in Taylor
series thus,
u(x,t) = u(a,b) + u,(a,b)(x — a)
+ u,(a,b)(t — b)
(x — a)?
2!
(t—a)?
+utt(a b)—+ b (24‘)
Boundary conditions shall be substltuted in (24) and u,
shall be obtained as
u(x,t) =pf®) +qf Ox—-a) +pf O -0) +
0+
u(x,t) = f()[p + qx]
uo = f(O)[p + qx].
Since (23) can equivalently be written as
*u, 6u0
at? f

+ u,,(a, b)

D%y = h|D%*uy —y——- —Auy|, (25)

to get u, from (25), D~ shall be applied to both sides
of (25) thus
*u, _du,

uy, = hD™® [D“uo Yoz o

—uy| (26)

2

_g 0o 2o —ay,
u; = h|uy—yD ETD —éD™ W_AD

(27)
Substituting for uq in (27) gives
u (x,t) = h|f(®)[p + qx]

a

-vf'@® [Pm

a+1
ta I'la + 2)]
-&f (t)[

xa+1

MTa+2)
—H@P

a+1

I‘(a +1)

xa

IlNa+1)
X
MTa+2)

The result for the subsequent values of m shall be
obtained in like manners.

(28)

5 Review of HPM Algorithm
The homotopy equation corresponding to problem (9)
is given as

(1 - p)L[u(x) — uo(x)] = pN[u(x)]
where p and u, have their usual meaning.
The embedding parameter p here serves as the
perturbation parameter in the asymptotic expansion of
u(x, p) which is defined as

r

(29)

u(p) = ) phug + 0. (30)
k=0

The solution to the problem is

u(t) = uy(t) + puy(t) + p*uy () + - (31)

where u; (j =0,1,2,3, ...
determined.

)are functions to be

5.1 Methodology: Implementation of HPM
Implementation of homotopy perturbation method
(HPM) is illustrated below.

Let p > 0 be the small perturbation parameter so that

the asymptotic expansion of =22 a"(x ?) he
du(x,p) ~ ,0u
RPN ALl (32)

k=0
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du(x,p) du, duy , 0U; i1
“ox  ox Pa'i‘l’ .W'FO(P .) (33)
The homotopy perturbation equivalent of (9) is

0"u = 0’u + v + A D“ 34
e —PlY 32 f u-— (34)
Expanding both sides of (34) asymptotlcally gives
0“110 v u1 + 2 a _ [
ax® ) ax® p ax =p Y atZ pY Btz

a a a a
R e el e A
Auy + pAu, + pzluz
Du,] (35)

Comparing both sides of (35) for the coefficients of
various powers of the perturbation parameter p, we
have

aauo
0. _
: ax“ =0
3“ azuo Jdu Uy a
pl: Fyer =y FYS +&——— ot + Auy — D%u,
%u, u; _ou,
2, =yY— A
P e =Yg T8 TAl
5 0%u; *u, _odu,
p*: o~V a2 f—+/1uz (36)

The system of equations |n (36) are then solved using
the Taylor series in (24) and the boundary conditions.

6 Numerical Experiment

In this section, selected problems from literature are
solved by both Homotopy Analysis Method and
Homotopy Perturbation Method.

Problem 1
Consider the fractional order homogeneous partial
differential equation
%u(x,t) d*u(x,t) dulx,t)
axe e ot nxD=0
with the initial and boundary conditions,
u(0,t) = e, u,(0,t) = e t,u(x,0) = e*.

Solution Based on Homotopy Analysis Method
(HAM)

Implementing the algorithm presented in Section 4, the
following solutions are obtained:

uy=e(x+1).

t

u; =hlet+xe”

-t

e
— _ h2,-t a
u, = (h+ 1)uy — h°e [I‘(a+1)x

e
tfarn™
e_t 2a
T TearD” ]
When h=—-1and a = %
uy=e‘(x+1)
-t Zx% 4x2

Lwtsm— 17

1 3
x2 2x2 4x2
Tty = iR

and the series approxmate solution is
2
ulx) = [x + -t le”
To obtain the solutlon in the referenced literature, we
shall set @ = 2 and h = —1. Thus, we have
uy = e t(x+ 1).

u1=e

u2=e

2 3

— _p—t —_

u, =-e‘(x+1 o 3!)
I S
u= e Gty Ty T

The final series approxmate solution is

xt xS
u(x)ze‘t( gt )

Solution Based on Homotopy Perturbation Method
Implementing the algorithm presented in section 5, the
following solutions are obtained:

uy=e(x+1).

x% a+1
u; =e’" + -(1+x
1 [I‘(a +1) T(a+2) ( )]
_t xZu x2a+1 x®
U =€ [I‘(Za+1) r@a+z) TCla+l)
xa+1
I‘(a+2)]
When a = % we have
Uy = e‘t(x + 1).
3
_t[ZxZ 4x2 1-x]
y=elf—=+—=-1-—x
! Vo 3w
1 3
x + x? 2xz 4x7]
U, =ex+———-—
2 2! ym 3w
Thus, the series approximate solution is
2
ulx) =[x+ % +--le7t.
When a = 2, we have
uy=et(x+1)
2 3
x
u =e ‘(—+§—1—x)
4 5 3 xZ
X X X X
TR T TR T
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in which case the series approximate solution is

xt x°
~eot[ 4T 4.
u(x) ~ e (4!+5!+ )
Problem 2

Consider the fractional order nonlinear homogeneous
partial differential equation

uf — uy,, + u, — uu,, + uu, — 3u,u,, =0,

with the initial condition

t=>0, 0<ac<1

Solution Based on Homotopy Analysis Method
8 =«
=—e2
Uy 3e
_4h % t*
M =3 @+ 1)
2 x tZa—l th x tZa
=1 ——e2———+ —e2 ——
U=t - e T 3 T 2at D)

8 x
u(x,0) = §e2,

Whenh=—1anda=%

8 x
u0=§ez
1
8 x t2
ul——geZ—T[
1 x 2t x
u2=—§e2+?e2

and the series approximate solution is

umer-—-—=+=+-]
To obtain the solution in the referenced literature, we
shall set « = 1 and h = —1. Thus, we have

Hence, the series approximate solution is

8 xr 5t x t* «x
u~_—ez——ez2+—ez+ -
3 3

Solution Based on Homotopy Perturbation Method

= — i LS
=32 T3 T2a+ 1)

1
For a = 5 we have

_ 1 %+2t%
u, = 3e 3e

Thus, the series approximate solution is
1

7 g 2
u~ ez — 2=+ 4]

3w 3
For & = 1, we have

which gives the series approximate solution
8 x 5t x t* x
u=x-_-ez——_—ez+—_—-ez2+ -
3 3 3
Problem 3
Consider the fractional order nonlinear homogeneous
partial differential equation
D{‘XW - D?Wxx T Wy —wWwy, — 3(waxx -

WW,y,) = 0,
with the initial condition
w(x,0) = —x,
Solution Based on Homotopy Analysis Method
Wy = —X
a
=h(1-x)707—
wi=hd-Dren
2a
— 201 _ -
wy = (h+ 1wy, +2h*(1 x)I‘(Za+1)
Whenh=—1anda=§
Wog = —X
3
4(1 —x)tz
Wy =——7——
! 3Vn
1-x)t
Wy = ————

Thus, the series approximate solution is
4(1 - x)t% N (1-x)t3
3Vn 3
To obtain the solution in the referenced literature, we
shall set @ = 1 and h = —1. Thus, we have
Wy = —X

wy; =t(1—x)

w, = t*(1—x)
The series approximate solution is

w=—x+t(1—-x)+t?(1—x)+

Solution Based on Homotopy Perturbation Method

w=x —x+

Woz_x
a
wyp = (1—X)m
2a
We =205 Ga 1)

When a¢ = 1, we have
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WO = =X
w;=(1-x)t
w, = (1 — x)t?
The series solution is
w=-x+t(1-x)+t*(1—x) + -

AL,
2

Wy = —X
3
4(1 — x)t2
w=——-—

! 3Vn
_(-xt

wy = 3

Which gives the series approximate solution as
3
41 -2 1 —-xt3
w~—x+ ( ) + ( ) +
3Vm 3
Problem 4

Consider the fractional order Sturm-Liouville problem

3
Dzy(t) + Ay(t) = 0,
with boundary condition
y'(0)=0, y@)=0.

Solution Based on Homotopy Analysis Method

Yo=1
3 3
© =2 htz 2Aht2
yl = 3 = \/
3 T
r(z)
Chat 2t3_ - 2283
y2(t) = (h + )}’1"‘@—( + )}’1+T
t3
_ 2 252
y3(t) = (h+ 1)y, +2(h+ 1)A°h O
9
353
+ A°h F(E)
2

t3
y3(t) = (h+ 1%y, + 2(h + 1)A%h? 3

2

+32A3R3
945Vn
When h = —1 and A = 1, we have
Yo=1
3
© = 2t2
Yo ="
3
y2(t) = 3
9
® = 32tz
Y3 = T a5

Thus, the series approximate solution is

2
32¢t2
945\m

3
®=1 2ﬁ+t3
y) = R

Solution Based on Homotopy Perturbation Method

t) =——
y3(®) 945Vm
The series approximate solution is

3 9
©~1 2t2 N 2 32¢2
N A TR TN~

Problem 5
Consider the fractional
diffusion-wave equation

order inhomogeneous

a *u(x,t)
Dtu(x,t) = kT +t

with initial and boundary conditions

u(0,t) = u(m,t) =0, 1<ac<?2
u(x,0)=x, 0<x<m,
u(x,0)=0,,0<x<m.
Solution Based on Homotopy Analysis Method
T.o=B, n=1273,..
144
T,, = hkn’B,, ————
m = @t 1)
2a
Tyz = nr 2(kn*)* B, ———
n2 (h+ )n1+h(kn) nr(2a+1)

Tp3 = (h+ 1T + h(h + 1)kn*T,,
3a
+ h3(kn?)3B,

rGa+1)
Ath =—1and a = 1, we have
Ty =B,
T,, = —kn?B,t
tZ
T, = (knz)anE
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3

t
Ty3 = _(knz)an 31

Solution for inhomogeneous part:
a ta+1

_ 2 — -
Huy = hlkn b ey~ M ta+ 2y
2a

]

— 2 2\2
H,, = (h+ 1)H,; + h*(kn*) h"—r(2a+ D
2a+1
"TQa + 2)
When h = —1 and @ = 1, we have

— h?kn*M

tz
H,, = —kn’h,t + M, —

|
2a 2! 3
22 2 t
an = (kn ) hnm—k‘n M”;'
where
1-(-D)"
My, = 2[——]
and
1 /sinnt cosnx
- (o
T\ n n

The general solution to the problem is obtained using
u(x,t) = X(x)T(t)

where
tz
T,(t) =B, — anBnt+(kn2)ZBn5
2
- (kn2)3Bn§ . — kn?h,t
2 ' 2a
M, — kn*?h, ———
Mg+ k) e )
t3
— n2M. —
kn Mn3!
and
X(x) = A sinnx,n=1,2,3, ...
Hence

u(x, t) = [A,sinnx][B,
2

t
— kn?B,t+(kn?)*B, —

21
t3
— (k2B o .~ knhyt
tZ ’ tZa
M. — 2\2
Mgyt G b r T D
t3
— kn*M,—
m 3]

Atn =1k =1,we have
1
h, = —[sinmT — cosx
1= ]

and

M 4
1=

Thus, the general solution becomes

S &
u(x,t) = [A,sinx][B,, (1 -t +E—§+ )

1
+ ;(sinn' —cosx)(—t+t*+-)
3

+4 t?
n(Z! 3!

which is equivalent to

u(x,t) = [A,sinx]|[B, et

1
+ p- (sinm — cosx)(e™t — 1)

4 “t_4
+;(e -14+10)]

Similar result is obtained for the HPM.

7 3D Representation for the Exact, HAM and HPM
Result

exact solution

Problem 1: Approximate Solution by HAM and

HPM for a = -
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‘1.El
Problem 1: Approximate Solution by HAM and
HPM for a = 2

Problem 2: Approximate Solution by HAM and
HPM for a = 2

[zr BT ?] w2
—_—- + —|&

Problem 2: Approximate Solution by HAM and

HPM fora:%

Problem 2: Exact Solution for a = 2

1
3733 -2+ 01 =X b1 —xi-x

Problem 3: Approximate Solution by HAM and
HPM for a = 2

o
10

Problem 3: Approximate Solution by HAM and

HPM for e = >
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1.0
Problem 4: Approximate Solution by HAM and

HPM fora:%

sit+vet sini (et —1)sinx) cosix)

= singx) +

Problem 4: Approximate Solution by HAM and
HPM fora =1

8. Discussion of Results

The results obtained for Problem 1 through HPM, and
HAM are identical for both integral value of a and its
fractional value. Meanwhile, the result presented in [1]
via HAM was for integral value of « (i.e., a = 2) only
and it coincided with our result for the same value of
a. In the present work, the results for both fractional
and integral values of a are presented in 3D graphs.
Problem 2 was solved in [1] by HAM and the result
was presented for a but in addition to using HPM as a
method of solution, results are presented for &« = 1 and

a= % in the present work. Meanwhile, HAM and HPM

have been used to reproduce results in [1]. The 3D
graphs presented for the results for both methods show
the closeness of the results. The results presented in the
present work for Problem 3 by both HAM and HPM
coincide with that in [4] where the method used is
HPM. Here, we present results for fractional value of
a and depict the results in 3D graphs for ease of
comparison. Problem 4 was solved in [8] by HAM,
while the present work applied HPM in addition to
HAM and the results tally with those in [8].
Meanwhile, the 3D graph could not be drawn because
the problem involves only one independent variable.
No exact solution exists in the literature for Problem 5,
with specific reference to [19] where the solution was
presented for HAM and VIM. In the present work, we
have applied both HPM and HAM to solve the same
problem and our results compare well with those in
[19]. 3D graphs are presented for the results.

Summary and Conclusion

e Solutions of fractional order partial
differential equations of different categories
by using both homotopy analysis method
(HAM) and homotopy perturbation method
(HPM) have been presented.

e  The two semi analytic methods produce exact
solution where such exists in closed form, and
where such does not exist, the truncated series
solution obtained give acceptable
approximate result as can be seen in 3D
graphs presented.

e In all cases, the accuracy of the results
obtained via HPM despite the introduction of
small parameter and the volume computations
correspond with those obtained through
HAM.

Future Direction

The algorithms presented in sections 4.2 and 5.2 shall
be extended to multi fractional order partial differential
equations and Sturm-Liouville problems.
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Such attempts would be more involving in terms of
computations, but, if it is eventually accomplished, it
will be rewarding.

9. Appreciation

The authors appreciate the unanimous reviewers for
their observations and suggestions the have really
improved the quality of this work.
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