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1. Model Description and Notations

Presenl  investigation deals with optimal
management policy for Markovian queue with
server breakdowns and vacations in  which
arrival occurs according to the state of the
server. The customers arrive in Poisson fashion
to get the service. The server may breakdown

during the service and goes for repair
immediately. By applying probability generating
function technique queue length distribution is
obtain for different states of the server. Further
we determine the probability of empty system,
expected number of units in the system.
Fellowing notations and probabilities are used
through out the paper for formulating the mode!
mathematically:

N Threshold level of queue length when server turns on

}\.i(i=0, 1 ,2,3)

Arrival rate of customers in various status

H Mean service rate of the server

o Mean break down ratc of the server

§ Mean repair rate of the server

Po(n) The probubility of being n customers in the system and server is on vacation.

P(n) The probability of being n customers in system when server is working

Py(n) The probability of being n customers in the system when server is found to
be broken down.

Pi(n}) The probability of being n customers in the system when server is under

repair.

2. Governing Equations

Steady state equations governing the model are given as follows:

Ao Py (0)= Ay (1) (1)
ApPoln)=AgP(n=1),  1<nsN-1L (2)
ApPy{n)=AgPy{n-1), nzN (3)
(A + o+ B (1) = uPy (2)+ 8P4 (1) (4)
(A + e+ a)Pn)= wPy(n+ 1)+ Py (n)+ 4, {n—1), 2<n<N -1 (5)
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)= 5 )5 Pyn) - AR D), o 0
Ay Py (1)=a 1) (7)
AyPy(n)=aP (n)+ Ay Py (n=1),  n=z2 (8)
(45 + B)ps(1)= P, (1) (9)
(45 + B)P ()= Py (n)+ A5 P5(n = 1), =2 (10)

3. Probability Generating Functions
We define the generating function corresponding the probabilities Pi(n).i=0.1,2.3 us follows:

=3 ==

Hu(z): ZZHPO(”J ¥ (:) = Z :”Pr-(u), i=123

n=0 n=l
Salving the equations (1)- (10) for Hy(z), 11(z}y, H(z) and H;(z), we find

I

1-z iz .
HU(;){ L lo JPU[O) (1)

l—,: /10'!‘.&05

H| (_)_ /10(/124'. —/?.2 X/i;: —/11.3 - ﬁ)(:/lo +I- /1{).';'.2 - ENH)PU(OJ

)= (12)
[(A42? ~(h + gt a@)e+ sz = Ay BN Ay - 4, ) + oz)
,(2)- Conlyz =4 - Bleo +=3oz - =4 Juy ) (13)
A (e Az = A B Arz = 2y )+ aB ellg + Ag)
3 [_ /]1' 2 _ "‘MTIJ
Hy(2)= Agtizhy —Ag2” - <77 IR (0) (14)
’ Wh2® = (A + 1+ )z + 10025z = Ay S Az — Ay )+ eff KA + Agz)

Now H(z) which represents the p.g.f. of the total number of customers in the System. is oblained as
HG) =) Hi@) (15)

We evaluate Ho{l), 77,(1) 71,(1) & #5{1) by applying L'Hospital's rule in equations (11- 14) and

obtain H(1)=[N + 44 ]P,(0)

(16}
__ Bily + N)Ry(0)

N a8 - - ) 4
. (1)= afAy (g + N)P(0)
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Agt(Ag + N )Py(0) {19)
(uff - A8 - cths — i)

Hi(l)=

To establish Py(0). we use the normalizing condition and oblain

Aoldo +NXB+af +a) ' (20)
(1 — W -y — ofidy) i}

PU (0) = |:N + /T.U +

4. The Expected Queue Length
To determine E (N;), i=0,1,2,3 we use the probability generating function H; (Z) given in equations

{1013-(14) and obtain

E(NO):{N(A;_I)MOU“+N)}Po(0) @
E(N)) = AoB2Ag + N(N +1))-2(4p + N)
z(ﬂﬁ“ﬁ]ﬁ—ajg _aﬁﬁz)
+ ﬂ"i%(/’io +;‘V)
(up - 4,8~ cds — afidy) -

ApBlAg + N WAy - -y + BAy)+ adodn ﬁ}} A (0)
(B =418~ cds — apphy

a2 + NN +1)) - 200643 {Ag + N)
- A B~ -y ~cfiy)
., 0B +N)
(B~ -k —ap)
_AgaflAg + NNA —p—afAs + B )+ adyds - 5}]], (0)
(ub~2 8-k -0y ) ’

E(N)

odg(24g + N(N +1))
Auf~ A4 B~ oy —afls)

Rl
(up—4 8-k —afhy) 4
oo + NN — - afds + Bl ) + i A _/llﬁ}:lp ()
(-4 8-y —afphs ’

E(N3)=

The expected number of customers s given by

3
E(N)= ) E(N)
i
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NIN-D ., ..
:[T +Agldg + )
. Ao(24g + N(N + 1)){(B+ B +a) - 244( 2y + N A3 + 1 i + Aqex)
2uff = 2 fi - oy — Ay )
2
2o+ NYef+a+ f) (25)
(4 = 4~ o3 ~ el )
_ /10(110 + N)(aﬁ+a+ﬁ){(/11 — M a’lig +ﬁ/12)+ Qﬂjuzll:; —/11[))} PU(O)
A 2
(uB - A B~ ady ~ i)
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