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Abstract: An epidemic is usually in large and
shori term outhreak of disease. A disease is called
endemic if it persists in population for a long
period of time. In this paper we ftroduce a model
Jor some diseases which have temporary
iy, It means  after vecovery, there s
inynunity but it Is rot permanent. In tis disease,
the people are divided o some groups,
susceptible, infective, immune and dead people.
The spread of an infectious disease involves not
only disease fuctors such as an infectious agent,
mode of transmission, latent period, infection
period. ft is to be noted thar we pay attention to
people who are bom or die becanse of any
reasons except of the disease too. Then we get the
equilibrium point and prove it is unstable.
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1. Introduction

After the fundamental work of Alfred James
Lotka and Vito Volterra in the middle of
1920 for predator-prey interactions, predator-
prey models were studied extensively.
Similarly epidemiological models have also
received great attention after the pioneering
work of Kermack and McKendrick on SIR
model in 1927 [6].(susceptible-infected-

removed) disease models. Transmissible
disease in an ecological situation has now
become a major field of study in its own
right. The diseases and any studving about
them can be very helpful and important for
human beings. Specially, mathematical
modeling can be a good and suitable
instrument for having a better life. Now, STR
calculus text books|5]. SIR model can be

very useful and helpful in characterizing
some disease. More numbers of these
mathematical models can  model s
developing more and more that we can even
find it discussed in some in
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be seen in{2,3,7,8,9]. We concentrate on some

diseases which are very famous because of their
properties meaning temporary immunity. Tt
means every body that gets the disease, after the
recovery, get immunity for a short time. not for
ever and ever. Also, it is notable that the disease
is contagious where the disease is transmitted
from the infective people to susceptible people.
Alse we assume new born people are net
infective, they are susceptible people. As we try
our model to be more and more real, we consider
to this reality that, always, there are some people
who die because of any reasons except of the
contagious disease. In section 3, we get
equilibrium points and see they are unstable.

2. The Model

In this model the population is divided into some
groups. The first group is susceptible people,
denoting them by S{¢)at time ¢ We have one
assumption: Every member of this group have
the same chance to get disease. It means the
disease 1s well-stirred or every individual has an
equal chance to meet the other members of the
population. The second group is infective people
which are denoted by I(¢) at the time¢. They are
source of infectious. Also, there is another group
which is called immune people. It is denoted by
R(z) at timez. The immune people are not

mmune for all the times, because the disease
dosc not has permanent immunity. D(z) is
denoted for people who die because of the
disease at timef. We consider there are some
people who die because of any reasons except of
the disease, let f,(¢), fo{(¢}and f;(z) be the
number of susceptible people, infective people
and immune people who die because of any
reasons except of the disease, respectively at time
t. Then f,(0) + f,{t)+ f(t) = D(z) is the total
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number of people who die at time?s . There is
a positive quantity which called infection
rate r > 0. There is another positive quantity
which called recovery rateb>0.c 1is
another quantity which called dead rate
because of disease. Then differential equation
for the infective people 15

I=rSI-bI— f,—cI Finally a >0 is the
last positive quantity which called remove
rate. This quantity distinguishes the rate of
entering of immune people into susceptible
group. g(f) is denoted for the number of

people who are born at time¢ . We assume
the people who are born, are just, susceptible
peopie. Hence, the differential equations for
the susceptible people is

S+#SI =aR - f,+ g

Now the differential equations for immune
people and dead people because of disease

are R=bl-f,—aR

"D =cl.

Finally the differential equations system for
the disease is

-*

S = =rST4aR=£,+ gorvrn ()
I =rSI=bl =l = fyeoooooeeeroerrreren(2)
R=bI = f, = QRevoroerreoroeoereeeeern 3)
Y R 7

It is to be noted that in this model there is not
latent period for the illness; A susceptible
person who has contracted the discase
becomes infective immediately. If incubation
is short, this observation may be accepted.
The initial conditions attached to the system

is8, =S80)>0,1,=1(0)>0

and Ry = R(0) =0.

Usually, we assume that the disease starts
with a small number of infective. It means /
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is small with respect to §,. We have an epidemic
when the number of infective people s
increasing faster than the number of people who
recovers. The threshold parameterb/r is called
the relative recovery rate. which is the percentage
of those recovered in unit time divided by the
percentage of those infected by a single infeclive
in unit time [1,4]. Now by (3) and (4) we get
R(+1/b)+ f,(2+1/b)-R(1t)- fi(r)
=R+ U/B)-R{()+ fLu+1/b)y—- f,(1)

= R()+ £,/ b

= (R()+ f,(O1/ b
= (bl - Ra)l/b
= 1(t)= R(t)alb)

Also D@+ 1/cy-D{y= D{l/cy=F(x)
The second equation means the number of people
who die in intervals and?+1/¢ is equal to the
number people who are infective at time 1. If the
difference between the numbers of newborn
people and the numbers of people who die
because of any reascons except of the discase. is
fixed meaning

g—([+[f,+f3)=0
or g_(ﬁ +f2 +f;) =K where & is fixed then

D+R+I+85=0 or D+R+71+S5is fixed: it
means the summation of the numbers of pecple
who are  susceptible or infective or immune or
die because of disease is fixed.

3. Equilibrium Points

Now the first question is what are the equilibrium
points? By making the right-hand sides of the
differential equations equal to zero we have

~rSI+taR—f 1 +g=0..c.ovivcr (D)
rSIHbl—cl—f, =0 (6)
bi+ fi—aR=0....._...........(7)
D=cl=0. e (8)
With respect to this reality 7(z) # 0
thenc = Q... .. {9
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orD()=k, f orall ¢+ wherck is fixed it
means the numbers of pecple who die
because of disease are fixed. By{7)we

R+ 7,
have [ =% ....................... (10)
As (6),(9) and(10) we
bf. b |
_haveSz-—f—.+—— ................. {an
raR+ f3) r

Finally by (5).(11) and (10) we

have f,+ f+ f, = g. Then by the
condition

f+ f+ f,=g. the point

bfz- ST

raR+f,) 7

is equilibrium point. The condition says the
total number who die because of diseases is
as the same as the number of newborn
people. The second question is that the
equilibrium point is stable or unstable? To
provide an answer to this question, we write
the jacobi matrix of right-hand sides of the
differential  equations and  determine
characteristic polynomial{4] .Let

FNXNXNXN > NXNXNXN

(S, LRD)y=(

(S,I,R,D)— (—rSI +aR - f + g,rSI

=bl—cl~-f,.bl - f,~aR,c)
We get the Jacobi matrix of above function

[— ¢l —rS a 0
- r§ S-b-—c 0 0
0 b -a 0
K ¢ 0 0]
—rl-A —r§ a
det{ —AD—(-A) rl rS=b-c-A 0
0 b —t~A

(—ﬁ{—ﬂ—ﬁ*s_b_c_i 0 /‘J_(r#—nﬂ a
b —a— -b —a-

23

(AN (=rf —A(—rS —b—c— AM—a - AN —trIH(-rS)

{(—a-A)—ab)
= (=AW(=rf = AN—rSa+ab tac+ad—rSA+bA
+A,) = rl(ra§ + rAS — ab))

+cA

= (=AY nSal + ArSa— rabl — Aab — racl — acA—radl

—ad, +nSIA +rS4,

—briA—bA, —rcid—cA, —rA, I - A) -1l
+rAS —ab))

(ras

= =(—a+rS—b—r—ri)A, = (rSa - ab—ac—ral

+ b8 —brf —rcl —niS)A, —(nSal — rabf —aSal
+ rabl —raci )4

=A, +(a~-rS+b+ec+rNA, +(arf +brl +rel —rSa

+ab+ac)A, + racid

Then the characteristic polynomial
is=A, +a A, +a, A, ta,Ata,
where a, =0

ay = racl

a,—rl +brl +rcl —rSa+ab+ac
a,=a—-rS+bh+tc+r!

Where by (9).{1(}) and (Il 1) we have

(rlzﬂ——rbf2 —b+b+0+—————r(aR+f3)
r(ak + f3) b
I~ bf, +r{aR+f3)
ak + f, . b

_ ar{aR + f ) fr(aR + }‘}

[

- &
S pvab o
(aR + £,
R+ f, - ;
_arla +f")+r(aR+_f})— ab _,f}.
b (alk + f)
a, =0,

ety =0
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Now we consider the following Theorem[10]

Theorem: The polynomial

PA)=A+a, A" +a, A +. . +al+a,

15 stable if and only if its coefficients are
positive and all the principal diagonal minors
are positive 1n its Hurwitz matrix.

Remark. By the above theorem

(fe B aRY S (S LR.D)

raR+f) "

With the condition f 4 f,1f,=g I8
unstable equilibrium point for this diseasc.
Because a,and g, are not positive.

4. Conclusions

In this paper mathematical modeling was
introduced which helps us to distinguish the
epidemics which does not permanent
immunity like flu. Also newborns and dead
pcople are important as effective groups.
After studying the model, we got the
equilibrium points and researched about
stability of them. It can be very helpful in
some programs in the society for preventing
from some epidemics without immunity or
control them which can be a topic for further
research.
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