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Abstract: This paper investigates the combined
influence of internal heat generution, suction, thermal
radiation and chemical reaction of 2™ order on an
ansteady free convective heat and mass transfer flow
of « chemically reactive third grade fluid over an
infinite vertical povous plate with an oscillating
temperature applied to the plaie. The dimensionfess
partial  differential  equations  governing  His
investipation are solved numerically by employing
Crank-Nicolson  finite  difference  scheme  with
modified Newton's iterative technigue. Graphical
results obtained for velocity, temperature and species
concentration profiles are presented and disctissed.
The resufts show thar the profiles are appreciably
influenced by the suction, heat generationfabsorption,
thermal radiaiion, order of cheniical reaction and
viscoelastic parameters. The findings depict that the
suction parameter has the influence of reducing
velocity, lemperature and species concentration
fields. The fluid velocity increases as tiie value of the
second grade viscoelastic parameter increases. Also,
the third grade viscoelastic parameter has a
significant effect on the velocity profites. Finally, an
increase  in the thermal radiation paranmeter
decreases the velocity distribuiion of flow field bur it
increases the temperature disiribution

Keywords: Heat source, suction, Chemical Reaction,
Hear andMass Transfer, Thermad Radiation.

1. Introductton
The study of nawral frec convection flow with
heat and mass transfer under the influence of
<hemical reaction and heat source has practical
sorlications in many scientific and industrial
-:~resses such as drying, evaporation at the
o2 of a water body, energy transfer in a wet
oo ooweer flow ina desert cooler. Natural
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convection flow occurs frequently in nature. It
occurs due to temperature differences, as well as
due to concentration differences or the
combination of these two. Many practical
diffusive operations involve the molecular
diffusion of a species in the presence of
chemical reaction within or at the boundary.
These are homogeneous and helerogeneous
reactions in which reactions occur uniformly
throughout a given phase and in a restricted
region or within the boundary of a phase
respectively. During a chemical reaction
between two species, heat is also generated.
Hence, the growing need for chemical reaction
and heat generation/absorption in industries and
engineering requires the study of heat and mass
transfer in the presence of different physical
geometries and thermophysical conditions.

Vajravelu [1] studied the exact solution for
hydrodynamic boundary layer flow and heat
transfer over a continuous, moving horizontal
plate surface with uniform suction and internal
heat generation/ absorption. Das et al. [2]
investigated the effect of a homogeneous first-
order chemical reaction on the flow past an
impulsively started infinite vertical plate with
constant heat flux and mass ftransfer.
Muthucumaraswamy [3] examined a first-order
chemical reaction on the flow past an
impulsively started vertical plate with uniform
heat and mass flux. He [4] further considered the
effects of chemical reaction on a moving
isothermal vertical infinitely long surfacc with
suction. Chamka [5] presented an analytical
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sclution for heat and mass trunsfer by laminar
flow of a Newtonian, viscous electrically
conducting {Tuid with heat
generation/absorption.  Kandasamy et al. [6]
reported the problem of nonlincar MHD flow
with hcat and mass transfer characteristics of an
incompressible, viscous, electrically conducting

Boussinesq fluid on a vertical stretching surface
with chemical reaction and thermal stratification
cffects.

Muthucumaraswawy and Ganesan [7]
investigated the effects of a chemical reaction on
an unsteady flow past an impulsively started
semi-infinite vertical plate which is subjected to
uniform heat flux. They [8] also investigated the
effect of chemical reaction and injection as well
as flow characteristics in an unsteady upward
motion of an isothermal plate. Pal et al. [9]
reported the perturbation analysis of unsteady
magnetohydrodynamic convective heat and mass
transfer in a boundary layer slip flow past a
vertical permeable plate with thermal radiation
and chemical reaction. Shateyi and Motsa [10]
studied the unsteady magnetohydrodynamic
convective heat and mass transfer past an infinite
vertical plate in a porous medium with thermal
radiation, heat generation/absorption  and
chemical reaction.

Kesavaiah et al. [I1] considered the effects of
chemical reaction and radiation absorption on an
unsteady MHD convective heat and mass
transfer flow past a semi-infinite vertical
permeable moving plate embedded in a porous
medium  with  heat source and suction.
Kandasamy et al. [12] obtained an approximate
numerical solution for a steady laminar
boundary layer flow over a wall of the wedge
with suction or injection in the presence of
species concentration and mass diffusion and
their results showed that the flow is influenced
appreciably by the chemical reaction, heat
source and suction/injection at the wall of the
wedge. Das et al. {13] estimated the mass
transfer effects on an unsteady flow past an
accelerated vertical porous plate with suction
employing finite difference analysis. Das et al.
[14] also investigated the hydromagnetic
convective flow past a vertical porous plate

through a porous medium with suction and heat
source, Makinde et al. [15] reported the unsteady
free convective flow with suction on an
accelerating porous plate.

The aforementioned studies focused on heat and
mass transler of viscous Newtonian [Tuid.
However, non-Newtonian fluids are prevalent in
many transport processes that exist in nature and
industrial  processings. The problem of
convective heat and mass transfer in a
hydromagnetic flow of a second grade fluid in
the presence of thermal radiation and thermal
diffusion was investigated by Olajuwon [16]. He
used numerical approach of Runge-Kutta
shooting method to solve the problem and
presented the velocity, temperature and
concentration fields for different wvalues of
parameters entering into the problem. Ellahi et
al. [17} presented the effects of heat and mass
transfer with slip on Couette and generalized
Couette flow in a homogenecus and
thermodynamically compatible third grade non-
Newtonian viscous fluid. They derived exact
solutions of velocity and temperature in Couette
flow problem and the nonlinear analysis for
generalized Couette  flow problem  was
performed by using spectral homotopy analysis
method (SHAM).

Sonth et al. [18] examined the heat and mass
transfer in a visco-elastic fluid flow over an
accelerating surface in the presence of heat
source/sink and viscous dissipation. Similarly,
Seddeek [19] investigated the problem of heat
and mass transfer with heat source or sink and
magnetic field on a stretching sheet in a
viscoelastic fluid flow through a porous medium.
Hayat et al. [20] studied the unsteady flow over
a stretching surface in the presence of chemical
reaction with heat and mass transfer of a third
grade fluid. Simultaneous effects of heat and
mass transfer over a stretching surface on time-
dependent flow have been analyzed by Hayat et
al. [21). Baoku et al. {22] investigated the
magnetohydrodynamic partial slip flow, heat and
mass  transfer of a  thermodynamically
compatible, viscoelastic third grade fluid over an
insulated porous plate embedded in a porous
medium. They employed a numerical technique
of midpoint scheme with Richardson's
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extrapolation to solve the emerging higher order,
nonlincar coupled differential equations.

Heat source and chemical reaction effects are
crucial in controlling the heat and mass transter
especially for non-Newtonian fluids. Hence, the
present paper attempts to investigate the
influence of heat generation and chemical
reaction of order » in a viscoefastic third gradc
fluid flow, heat and mass transfer in the presence
of thermal radiation and suction. There has been
no work in scientific literature that has earlier
considered the problem of combined effects of
chemical reaction and heat source/sink over an
infinite vertical porous plate set in motion with
an oscillating temperature in an unsteady free
convective flow, heat and mass transfer of an
incompressible and chemically reactive third
grade fluid. The coupled nonlinear partial
differential equations governing the flow, heat
and mass transfer have been solved numerically
by discretizing the equations wusing an
unconditionally stable Crank-Nicolson finite
difference scheme. The effects of various
physical parameters on velocity, temperature and
species concentration profiles are studied.

2. Problem Formulation

Consider an unsteady free convective flow, heat
and mass transfer of an incompressible and
chemically reactive third grade fiuid past an
infinite vertical porous plate. The x'- axis is
taken along the plate vertically upwards and y’ -
axis is normal to it. The plate is set in motion in
its own plane with a velocity U(f"). An
oscillating temperature is assumed te be applied
on the plate in the presence of thermal radiation
and heat source/sink. The plate surface

temperature is 7, and the temperature of the

ambient medium is 7. The concentration of

daffusing species 1s very small in comparison to
the other chemical species. The flow contains a
species A slightly soluble in the fluid B, the

concentration at the plate surface is C, and the

solubility of A in B away from the plate, C_,
is infinitesimally small. The chemical reactions
are taking place in the flow regime and Lhere
chemical

. ;
exists a homogeneous n" order

reaction within  the fluid and  specics
concentration of A in B. All other physical
properties are assumed to be constant. Since the
plate is infinitely long, the physical vartables are
functions of y” and ¢* only. Hence, from the

continuity equation, the velocity field is obtained
as:

u =u'(y, ), v =V, {1)
where #” and v' are the velocities of the fluid

along x” and y” axes respectively and V, >0

indicates suction velocity.

T

5o ? wa

Figure 1: Physical sketch and coordinate system
of the problem.

2.1 Flow Analysis

The constitutive equation of an incompressible
third grade fluid as given by Coleman and Noll
[23] 1s:

T =—pl+ pA + A, + 0, AT+ BLA,

(2)
+ ﬁ:’ (AT‘_AI T A1A2)+ ﬂ:‘i (rrAZ )Al

U, 0, B, B, B, being material constants,
7’ the stress-tensor, p the scalar pressure,
I the identity fensor and A, represents the

tensors defined by, A, =1,

A =V + (V'Y

kinematical

A

+1

= [aﬁ + u’ - V]Aﬂ + VL{’ ) An + (VH; ’ Au )T *
f
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n=12.
where u” {s the velocity and ¢’ is the time.
In a third grade fluid, the expression for the

Cauchy  stress  tensor  satisfying  the
thermodynamic  constraints  (Fosdick  and

Rajagopal [24]): Hz20 o =20,
o + | <248, B = B, =0.8,>0.

is given by Truesdell and Noll [25]:
T=—pl+ A +a A+, A
+ B, (era? )a

The stress components (2) by viriue of equation
(1) are:

Y
T.\".r’ =-P + al B_y'

(3)

ou’ 9%’

+25, )
£ dy’ dy’or’
t.=-p+(2a +a, {gﬁ;J
N ’ (s)
I I
+166 +28, ) —
( 131 ﬁd)ay; ay;ar/
Z'Z,;, = -p, (6)
T —‘ugﬂav azu’+a' 0w’
Oy ay! 17a ayrg I ayratf
a 3 a} L4 (?)
i) i
+28,+B,) — | +B| ——
(ﬁ_ ﬁ}{ayr] ﬁi(ay;a{r_}
T..=7.,.=0
R F (8)
T . =T .. T..=T.,
where *7Y rre Xz sz,
Z‘y,z, = Tz’y’

Inserting the stress components, using cquation
(3) and velocity field given by (1) in the
equation of motion:

DV— » ’
P—DT‘z 740X, + 7, (9)

D , .
where — denotes the material derivative and
Dt

. - . : - th
X, is the external lorce per unit mass in i*

direction while neglecting body force and
troducing the similarity transformations used
for scaling respective heat transport and specics
concentration equations in heal and mass
transfer analysis, the equation of motion (9)
becomes:

ou’ v ou’ ,uﬁ a',( 831{’J

s D—'_r-,—_' ,2 T W
ot ' pd ployor

AL 83u'+ 68, (0w’ o’
poH” p 8y

+ BT -TI)0+ g'Bo(CL —CL )

2.2 Heat Transfer Analysis

The heat transport equation for the problem

under consideration without viscous dissipation
and work done to deformaticn is:

D ! 2 Fa ’ £
pCp—DLE KV'T'=Vq, +QT"-T. ) (11)
!

(10)

In the equation of energy (11). the term
representing viscous and joule dissipation are
assumed to be neglected as they are really very
small in slow motion free convection flows. So,
Q is the volumetric rate of internal heat

generation/absorption (heat source/sink) and q,
is the radiative heat flux.

Making use of the Rosseland approximation for
radiation of the optically thick layer (sce Pop et
al. [26]) to obtain:

_ 40" ot
TS

(12)

where & is the Stefan-Bolizmann constant and
£ is the mean absorption coefficient. One can

express the term TV as a linear function of
temperature. It is recognized by expanding in a
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Taylor series about T_ and neglcting higher

terms, one can write:
T =4AT T 377 (13)
Hence, the goverming equation of temperature

flow ficld, with equations (12} and (13}, is
obtained as:

o I K azT’+16o**Tj

o Coy  pC, H” 3¢
- (14)

LAt L o)

pC, &y’ pC,

2.3 Mass Transfer Analysis

The species concentration equation for the
thermodynamically compatible third grade fluid
with nth order homogeneous chemical reactions:

DC’ 1 Fi f Is f
5}_—=DABV“C —k(C'-C) (15)

Using (1), the governing equation of species
concentration flow field is:

aif -V B_C, =D, _ag
ot ay oy'* (16)
~k(Cc=Cl)
where D,, , n and k, are mass diffusivity,
order and rate of chemical reaction
respectively.
The initial and boundary conditions are:
'<0:y=0,u"=0,T =0, (17)
2+l
P00 =U ()= U parpm
v7 (18)
when ¥ =10
T' =T +{(T' T )cosb’t, (19)
when y' =0
C'=C+(CL-Cl)=1,
(20)

when y =0

, ou’
u =0, ,—’t, =0, when y — oo (21
dy
T =T/, when y —> oo (22)
C'=C,when y — e {23)
Introducing  the following  dimensionless
variables:
u’ U a’v FU°
uz—,y='} ,d=—0,1= (24)
U v U~ v

Using equation (24) alongside the similarity
transformations used for scaling respective heat
transport and species concentration equations in
heat and mass transfer analysis, equations (10),
{14} and (16) become:

dut ou O°u d'u 3’
W=+ O — (U
ot dy 9y dy~ot oy’
e (25)
w8l 2] 0o+ Geg
dy ) dy” |
%=a)§£+(l—+iﬁ‘d}éu?+86 (26)
ar dy \Pr dy°
dp _ 3¢ 1 9’9 "
B 22 27
ot dy  Sc oy’ ve 7
2
where a)zﬁ, a:a'Uj
U pove
68.0U* v (T =T
ﬁ"_— 1833 ,Gr—ﬂgV(,‘w w)!
oV U
v C ! ? _ !
pr= P _58"(&; Cm)’
K U
4 3
R, = it S = ij S-::D,
goC v pC,U v
y= kv
UE
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3. Method of Solution

The  governing nonlinear coupled partial
differential equations (22) - (24) with the initial
and boundary conditions (25) — (27} are solved
using Crank-Nicotson finite difference scheme
which has been discussed by Conte and De Boor
(271, Jain |28}, Ganesan and Palani {291 and
Baoku et a_l‘ 130]. Onc therefore discretizes the
governing equations based on the transient state
conditions. The numerical method of Crank-
Nicolson type does not restrict the value of r to
be chosen. The finite difference equations
corresponding to these governing equations are
given as;

whr o o

TG e

r_@h o o
2 4 1 p )M

(a?hr}m{r wha}
o 3 Tty
4 2 2 4 )

Ar.a rﬁ},
2 7)™ T2 plv

W%ﬂ)z *{’fm)z *{%)2 #‘H:‘Jz'“ |
4‘3_2 Yot st Uity
Uty 2y
(%w “YiH i, Y, J‘i’hj)
+2”i{0 g@ﬂ_@){;&%%)} 29

3Prahr+6r+8R,
6:'_._;41 = 6Pr J f+1j1l
3Prewhr—6r -8R,
6Dr i—L j+1
[ 127 -16:R, 3P1*Sh2r) (29)
- 7, jH

6Pr

2
+(Sh r+2]0”
2 i

wSchr+2r
¢£.j+l =( JQ‘H,_;‘H

2S¢
N ( 2r—wSch r};DH N
28¢ )
4r +2ySchr (30)
_{ 2S¢ } b

vo, Try )

where i dessignates the grip point along v -
direction, j along f-direction and r:%z.

Hence, the equations of motion, heat transport
and species concentration are reduced to system
of algebraic nonlinear coupled-equations. The
mesh size 2 is 0.05 with time step 1 =0.] .
The values of u(y,), 0(y,r) and #(v.1) are
known at all grip points when =0 from the
initial conditions. Modified Newton's iterative
technique is employed to solve the system of
nonlinear algebraic cquations. Computations are
carried out by moving along v -direction. After
computing values corresponding to each i af a
time level, the values at the next lime level are
determined in similar manner.

The implicit nature of Crank-Nicolson method is
unconditionally stable and has local truncation
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error OI(AI)Z,hZJ which tends to zero as At

and h° tend to zero. There is no drawback of

conditionally stability from one level to the next.
The implicit method gives stable solutions and
requires iterative procedure which we did at each
step forward in time because this problem is an
initial-boundary value problem with a finite
number of spatial grip points. Though, the
corresponding  difference equations do not
automatically guarantee the convergence of the
mesh A — 0 . To achieve maximum numerical
efficiency, we used the tridiagonai procedure to
solve the two point conditions for {20) and four
point conditions for (19). Transforming the
above procedure into Maple code as described
by Heck [31], the convergence of the process
was quite satisfactory and the numerical stability
of the method was guaranteed by the implicit
nature of the scheme. Hence, the scheme is
consistent; stability and consistency ensure
convergence,

4. Discussion of the Results

The study examines the reactive flow ficlds
when a vertically upward plate suddenly starts
moving with a velocity U in its own plane and
temperature field assumed to be oscillating is
applied to the plate in the presence of suction,
chemical reaction and thermal radiation. The
governing equations of the flow, temperature
and species concentration fields are solved using
Crank-Nicolson implicit finite differcace scheme
with modified Newton method and approximate
solutions are obtained for the velocity,
lempearture and species concentration profiles.
The effects of the pertinent parameters on the
flow, tempearture and species concentration
ficlds are analyzed and discussed with the help
of velocity profiles (Figures 2 - 0}, temperature
profiles (Figures 7 - 9) and species concentration

profiles (Figures 10 - 11).

4.1 Velocity Profiles

The effects of various parameters on the velocity
field arc investigated through simulations using
the method described above and results are
produccd as graphs for n =0.8, ic. when the

plate starts moving with variable accceleration.
Figurc 2 analyzes the influence of suction
parameter . It is observed that an increase in
the suction parameter ¢ increases the [luid
velocity at any point ol the fluid. Figure 3
depicts the effect of viscoelastic parameter & on
the velocity field. It is observed that as the
viscoelastic parameter ¢ increases, the velocity
field increases. It is important to note [rom
Figure 4 that # has a decrcasing effect on the
velocity field thereby displaying the shear
thickening property of a third grade fluid. Also,
Figure 5 shows that an increase in § decreases
the fluid velocity for the variable accelerations.
Figure 6 analyzes the influence of the thermal
radiation parameter Rd on the velocity profile.
It is observed that an increase in Rd decreases
the fluid velocity at any point of the fluid.

oo
o

=
Pt tew o

Figure 2: Velocity profiles for values of @ when

a=20, f=50,Gc=10, Gr=10.
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Figure 3: Velocity profiles for values of & when
w=3.0. )6’ =50, Gec=10.Gr=10_ Figure 5: Velocity profiles for values S when
=20, =50, Gec=10, Gr=10.
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Figure 4: Velocity profiles for values of L when
a=20,w=20, Gc=10, Gr=10. Figure 6: Velocity profiles for values of Rd when

@=20,8=50,Gc=10,Gr=10.
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4.2 Temperature Profiles

The temperature of the flow field suffers a
substantial change with the variation of the flow
parameters such as suction parameter @, heat
generation/absorption parameter S and thermal
radiation parameter Rd . It is pertinent to note
that the effects of these thermophysical
parameters on the temperature field remain
constant within the specified range in the
interval  before  satisfying the boundary
conditions at the free stream. These variations
are shown in Figures 7 — 9. Figure 7 depicts the
influence of suction parameter @ on the
temperature profile. A growing @ is found to
decrease the temperature of the flow field at all
points in the domain. Figure 8 analyzes the
influence of S on the temperature field. It is
observed that an increase in the S increases the
fluid velocity at any point of the fluid. Lastly, it
is evident from Figure 9 that Rd has an
appreciable influence on the temperature profile.
The effect of Rd on temperature distribution is
noticeable such that a rise in Rd increases the
temperature field.

| S R
o Un s e

Figure 7: Temperature profiles for values of @

when'Rd =20, § =0.5, Pr=1.
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Figure 8: Temperature profiles for values of S when

Rd =20, w=3.0, Pr=1.

(-
[F S

Figure 9: Temperature profiles for values of Rd

when @ =3.0, § =0.5, Pr=1.
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s
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Figure 10: Concentration profiles for values of @

when ¥ =2.0, Sc=05,n=2.

4.3 Concentration Profiles

The species concentration of the flow field also
suffers a substantial change with the variation of
the flow parameters such as suction parameter

(0 and Schmidt number Sc . These variations are
shown in Figures 10 and 11. Figure 10 depicts
the influence of suction parameter @ on the
species concentration profile. A growing @ is
found to decrease the species concentration of
the flow field at all points in the domain.
Similarly, it is observed in Figure 11 that the
effect of increasing Sc reduces the species
concentration field.

0.6

0.5

Sc =078
8 ‘Se=252

Sc =15

0.1+

Figure 11: Concentration profiles for values of Sc
when Yy =20, w=3,n=2.

5. Concluding Remarks

In this study, the influences of thermophysical
parameters on the flow, heat and mass transfer of
a third grade viscoelastic fluid through a vertical
porous plate were investigated. An implicit finite
difference numerical scheme of Crank-Nicolson
type was employed to discretize the system of
coupled partial diffential equations, and
modified Newton’s method was used to solve
the system of algebraic nonlinear equations
obtained by the discretization. The above
scheme is transformed into the Maple code to
simulate the solutions of the problem. This
solution procedure is valid for all values of
viscoelastic parameters unlike perturbation and
power series methods that are only valid for
small values of viscoelastic parameters.
Therefore, the following results of physical
interest on the velocity, temperature and species
concentration distribution of the flow field are
summarized below:

» The fluid velocity increases whthe value of
the viscoelastic second grade parameter &
increases. However, as the viscoelastic third
grade parameter £ increases, it significantly
decreases the velocity profile;

"f

The growing suction parameter @ has the
influence of increasing the velocity and
temperature field but has decreasing effect
on the species concentration field;

» The effect of increasing the thermal
radiation parameter Rd decrease the
velocity distribution of the flow field and it
increases as the temperature field increases;

» An increase in Schmidt number corresponds
to an increase in the species concentration
field. The heat source parameter has
opposite effect on velocity and temperature
fields.

Nomenclature:

AI’A'Z‘AE

’ - s’
G ambient concentration

Rivlin-Ericksen tensor

G :v concentration at the wall/plate
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, .
& free stream concentration
C specific heat at constant pressure
D,, massdiffusivity
Gce solutal Grashof number

Gr  thermal Grashof number

g’ acceleration due to gravity

! identity tensor

2 grip points along y-direction and t-direction
k, rate of chemical reaction

m, d,b constants

i order of chemical reaction
B Prandtl number

p scalar pressure

r convergent term

S heat generation or absorption
Se Schmidt number

T ambient temperature

14 temperature at the wall/plate
1o free stream concentration

Ft local time, dimensionless time

velocity components in x and y directions

U fluid velocity

initial moving velocity

Vs suction velocity

X,y  coordinate axes

o dimensionless second grade
viscoelastic parameter

o,,0, second grade viscoelastic material
constant

7 dimensionless temperature

[ dimensionless third grade viscoelastic parameter

By B s

,6( volumetric coefficient of concentration

third grade material constant

expansion
il volumetric ~ coefficient ~ of  thermal
expansion

*

Stefan-Boltzmann constant
mean absorption coefficient

thermal conductivity
dynamic viscosity
kinematic viscosity
suction parameter
fluid density

ST R TR X ™Q

stress tensor

) dimensionless concentration

¥ rate of chemical reaction parameter
\'% gradient operator

h step size
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