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Abstract:In this study, a mathematical model of
Human Immunodeficiency Virus with a view of infection
at window period is
studied.
The model was
characterized through optimal control approach and it
was established that minimum medications could be
used to
maximize uninfected CD4+T cells
concentration, while the efficacy of drug therapy could
be used to prevent the new cells from being infected in
the human body system . Finally Gauss Siedel-like finite
difference method was employed to carry out the
numerical simulation using real life data to validate the
reality of the model studied.
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1.

INTRODUCTION

Human Immunodeficiency Virus (HIV) is a deadly
virus which attacks the body’s immune system,
specifically the CD4+T cells resulting into an illness
that attacks the body ability to resist infections and
usually causes death known as Acquired Immunodeficiency Syndrome (AIDS). The virus can be transmitt
ed by Heterosexual
contact,
mother-to-child
transmission, blood transfusion, homosexual contact,
sharing of sharp objects like blades, clippers,
unsterilized injection, needles, manicuring and
pedicuring etc. Inability of people with HIV to get
treatment develops into three stages known as an
Acute HIV infection, Clinical latency and Acquired
immunodeficiency sydrome. The time between
exposure to infection and the accurate test result is
known as Window Period. That is a period when an
infected and very infectious individual with HIV test
negative. It can be categorize into the Window Period
of a fourth generational antigen/antibody and a
window period after exposure, [1], [2], [14], [18].
Several studies have been carried out on HIV by
Biologists and Mathematicians aimed at gaining
deeper understanding into the transmission of the HIV
pathogenesis infection. [5]” worked on a differential
equation model of HIV infection of CD4+T cells.
[12]” obtained a model which allows an infected
individual
to
progress
from
late stages of
development to a less advance stage of infection. [8]”

examined the optimal control of combined therapy in
a single strain HIV-1 model. [11]” investigated the
optimal methodology for administering anti-viral
medication therapies. [10]” evaluated optimal control
of treatment in a basic virus infection model. [16]”
analyzed the recruitment effects of HIV susceptible
and infected individuals. [7]” worked on treatment
control of TB-HIV co-infection model. [3]” analysed
the approximate solutions of HIV-I model with
arbitrary order. [9]” studied the degree of HIV- I
during typical course of infection. [15]” looked at the
Mathematical model with control variables following
the logistic growth function. [17]” conducted an
investigation into vivo Dynamics of HIV infection
with the influence of Cytotoxic T Lymphocyte cells.
[4]” studied the modelling and optimal control of
HIV/AIDS prevention through prEP by determined
the prEP strategy that satisfies the optimal control
associated with prEP. [13]” modelled HIV dynamics
under combined anti-retroviral treatment. [6]” carried
out research on the effect of HIV-1 infection and antiretroviral drug therapy in patient. However, Little or
less have been done as regards HIV infection at
window Period, in this work, the interest is on
mathematical model of effective management of HIV
infection at window period using optimal control
approach.
2. MODEL FORMULATION
In this section, the HIV model is formulated at
window period. The logistic growth function is
assumed to consists of the constant recruitment
numbers of new and dead uninfected cells. And
probably because of overcrowding of free virions or
protective measures being used by the HIV patient the
rate of infection of
cells by free virions is
saturated with the view of window period.
The Model is partitioned into four compartments with
total population of N(t). Let T(t), I(t),
, and
respectively be the concentration of uninfected
CD4+T/ white blood cells, infected cells, infected
persons not yet detected at window period and
persons who have been confirmed to be HIV positive.
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Let

= rT

Average number of virus particles
produce by an infected
Weight function of drug therapy (1)
Weight function of drug therapy (2)
Recruitment rate, Force of infection
rate

denotes the rate of recruitment

of uninfected white blood cell and

=

denotes the force of infection, [9] during and after
window period. The transition of disease are
represented by the flow diagram in Figure 1 followed
by the description of the parameters in Table 1.

Some of the Parameter values were from [9]. The
model is thus presented as;
(1)
(2)
(3)
(4)

Figure 1: Flow diagram for the spread of the HIV
Table 1: Definition of parameters and values
Description
value
Parame
ters
Uninfected
cells at time
Infected

Introducing controls

and

the infection of new cells and the efficacy of drug
therapy in inhibiting the production of virus
respectively. Equations(1 - 4) becomes,

cells
………(5)

HIV of infected persons not yet
detected at window period
Total free HIV at time

……..(6)

Rate of growth
…(7)
Maximum

cells in the body

Infection rate of

…(8)

by virus

The saturation factor
Disappearance of infected cells per
capital
Disappearance of infected cells at
window period per capital
Loss of free virus for the population
of the free HIV
Loss of virus for the population of
persons infected but not yet detected
Efficacy of drug therapy in blocking
the infection of new cells
Efficacy of drug therapy in
inhibiting the production of virus

3. CHARACTERIZATION OF THE MODEL
The optimal control problem is formulated as;
Maximize
,
,
……..(9)
Subject to (5)-(8), where positive constants
and
are relative weight attached to the drug therapies. The
main interest is to maximize ( ) by increasing the
population of the uninfected
cells, reducing
the viral load and reducing the cost of treatment as
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well. An optimal control pair
such that

is obtained

Proof
The Hamiltonian is differentiated with respect to
, , , to obtain the adjoint equations as

,

….(10)
Applying the Pontryagin’s maximum principle, the
Hamiltonian function associated with the system (5) (8) is defined by

And with respect to

and

as:

.

Hence, the optimal controls becomes
=
….(11)
Theorem: Let
, and
represents the optimal state solutions while
represents the associated optimal controls
for the problem ( - ). Then there exist adjoint
variables
,
and
that satisfies the
adjoint conditions:

….(16)

(17)
Equations (16) and (17) is incoporated into systems
(5) –(15) and the resulting optimal system was solved
numerically.
4. NUMERICAL SIMULATION

….(12)

…..(13)

.(14)

In this section Gauss-Siedel-Like implicit finite
difference method was employed to solve the
optimality system using the data presented on Table
1. The state system wass solved with forward
difference in time and the adjoint system was solved
with the backward difference in time using MATLAB
Mathematical software. And to validate the
effectiveness of the studied model numerical
simulations was carried out for a period of 100 days
based on the disease progression before and after the
introduction of treatments. Some of the parameter
values were from [9] and contained in Table 1. The
results were presented in Tables 2 – 3 and Figures
2-7.

….(15)
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5 RESULTS AND DISCUSSION
From the results obtained it was observed that with
the use of control (drugs therapy), HIV viral load
reduces drastically and patients with HIV positive
can relatively enjoy good health with long life
expectancy. Figure 2 shows that without control the
number of uninfected cells reduces drastically while
the concentration of cells is maintained from the
beginning to the end of the period with treatments.
Figure 3 indicates that the number of infected cells
reduces rapidly from the beginning to the end while
the infected cells grows at the beginning and become
more stable toward the end of the period without
treatment.
Figure 4 and 5 shows that at window period the viral
load increases without treatments while no increase
in the virus is recorded with treatments.
Figures 6 and 7 shows that the optimality controls
and
(treatments) are required to stop
new infection of cells and guide against viral creation
with less side effects.
Table 2: Effect of zero % function immune system
Time(Days)
Viral load
0
1000
0.001
2
985
0.5
4
934
307
6
748
526953
10
602
1001723
20
183
2136528
40
0
3534682
50
0
4111373
Table 3: Effect of anti-HIV immune response
boundary Viral load with control
condition effect
0
291193
0.2
233041
0.4
174889
0.6
116737
0.8
58586
1
434



Figure 2: Population of Uninfected CD4+T cells

Figure 3: Population of Infected CD4+T cells

Figure 4: Concentration of Virus at Window Period

Figure 5: Concentration of Free HIV at V2
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Figure 6: Optimal control I

Figure 7: Optimal control II
6. CONCLUSION
This study presented a mathematical model with
controls in order to effectively manage HIV with a
view of window period. Optimal control approach
was used to optimize the concentration of virus in the
body by maximize the number of uninfected CD4+T
cells
and minimize the virus using minimum
medication therapies. The model were finally solved
numerically to validate the effectiveness of the model.
REFERENCES
[1] A.N,Asma, Z. Gul , Z. Anwar, S.E.Vedat,
and J. Hyo , Dynamical Analysis of Approximate
Solutions of HIV-1 Model with an Arbitrary
Order.
Complexity , Article ID 9715686, 2019,7 .
[2] S. Butler, D. Kirschner, and S. Lenhart, The Optimal
Control of Chemotherapy affecting the Infectivity of
HIV. Dynamics: Molecules, Cells. World Scientific
Publishing, Singapore, 1997, pp.104-120.
[3] A. A.Nigar , Z.Gul , Z.Anwar , S.E.Vedat and J. Hyo ,
“Dynamical Analysis of Approximate Solutions of HIV1 Model with an Arbitrary Order” Complexity , Article
ID 9715686, 2019, pp 1-7.

[4] J.S. Cristiana and F.M.T. Delfim, “Modelling and
Optimal Control of HIV/AIDS prevention through
prEP”, Discrete and Continous Dynamical Systems, Vol
11 No 1, 2017, pp 119-141.
[5] R.V.Culshaw and S.Ruan, “A Delay-differential
Equation Model of HIV Infection of CD4+ T-cells”.
Mathematical Biosciences, 2000, Vol 1, pp 27-39.
[6] D. Dona,E. Mozzo , D. Luise, R. Lundin, A. Padoan, O.
Rampon and C. Giaquinto, C.” Impact of HIV-1
Infection and Antiretroviral Therapy on Bone,
Homeostasis and Mineral Density in Vertically Infected
Patients”. Journal of Pathogens,vol 1, 2019,PP 1-7
[7] I. Fatmawati and T.Hengki, T., “An Optimal Treatment
Control of TB-HIV Coinfection” International Journal
of Mathematics and Mathematical Sciences, vol 1,
2016, pp 1-11.
[8] W. Garrira, S.D. Musekwa, T. Shiri, T. , “Optimal
Control of Combined Therapy in a Single Strain HIV
Model” Electrical Journal of Differential Equations, vol
52, 2005, pp 1-22.
[9]A.B. Gumel, P.N. Shivakumar and B.M.Sahai, “A
mathematical Model for the dynamics of HIV-1 during
the typical course of infection” Third world congress of
nonlinear Analysis, vol 47, 2001, pp 1773-1783.
[10] K. Hattaf, M. Rachik, S. Saadi, S. and N.Yousfi,
“Optimal Control of Treatment in a Basic Infection
Model” Applied Mathematical Sciences, vol 3 , No. 20,
2009, pp 949 -958.
[11] J. Karrakchou, M. Rachik and S.Gourari, “Optimal
Control and Infectiology: Application to an HIV/AIDS
model” Applied Mathematics and computation vol
177, No.2, 2006, pp 807 - 818.
[12] C. C. Mccluskey, “A model of HIV/AIDS with staged
progression
and
amelioration”
Mathematical
Biosciences, vol 1, 2003, pp 1-16.
[13] B. Mobisa , G.O. Lawi and J.K. Nthiiriv,
“”Modelling In Vivo HIV Dynamics under Combined
Antiretroviral Treatment” Journal of Applied
Mathematics,vol 1 , 2018, pp 1-11.
[14] R. Moore and R. Chaisson, Natural History of HIV
infection in the era of Combination Anti-retroviral
Therapy. Journal of Infectiology 13 (14), 1999, 19331942
[15] M. O. Oladotun and C.O.N.Suares, “Mathematical
Model for an Effective Management of HIV Infection”
BioMed Research International,vol 1, 2016, pp 1-7
[16] K.O. Okosun, O.D. Makinde, and I. Takaidza,
“Analysis of recruitment and industrial human
resources management for optimal productivity in the
presence of the HIV/AIDS epidemic” Journal of
Biological Physics, vol 39, 2013, pp. 99-121.
[17] N. Purity, W.M. Rachel and S.L. Livingstone, “The In
Vivo Dynamics of HIV Infection with the Influence of
Cytotoxic T Lymphocyte Cells” International
Scholarly Research Notices, Article ID 2124789, 2017,
PP 1-10
[18] UNIAD. (2018). report on Global HIV and Statistics.

Copyright © 2020 Daffodil International University. All rights reserved.

25

