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Abstract: Let (,;, be the
0, = {1,2,---,?1},1‘5.2?

§
7 be the subsemigroup of order

charts on

be the alternating

semigroups,

decreasing alternating semigroup and f(5) be
the set of nilpotents element of a semigroup

g
DA, on -

Let

(a3 =Yy el:fW)=ant(yp) =
I EmSI) = |{w € 1(y) = I
and$(m o) = [{ € ¢:£(y) = a}|.

Analysing problems of combinatorial nature
arise naturally in the study of transformation
semigroup. Combinatorial properties of many
transformation semigroups and its subsemi-
groups have been studied with interesting and
delightful results obtained.

This paper investigated combinatorial properties
on subsemigroup of order-decreasing alternating
semigroups in which combinatorial functions
E(mi o), 01 3) and &(n,0,3) were used to
derive some triangular arrays of numbers and
some combinatorial results for each function

. DAS
were established. More so, the results on | ’Fl

g 10(DA)]
generalized.

were also obtained and

Keywords: Even charts, nilpotent, fix, height,
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1. INTRODUCTION AND
PRELIMINARIES

Let ¢, be the
0, ={12,--.n}L A, be the

semigroups, Dﬁﬁ;, be the subsemigroup of order

charts on

alternating

decreasing alternating semigroup and §2{5) be the
set of nilpotents element of a semigroup imi, on
ﬂ”. Let
(o3 =Y el:fY)=art(y) =
3H.E(m:3) = {y e ¢:1(y) = 3}
and&(m; o) = |[{Y € {:¥(y) = a}|.

The map Y:Domyp S0, —Imp S0 is
said to be full or total if Dom i = {1, partial if

Dom 3 & {1, or else it is called strictly partial.

The set of all partial transformation on n-object
form a semigroup under the usual composition of

transformation. Let T, P, and ¢, be the full or

total, partial and partial one-to-one on ﬂ”
respectively. "Reference [25] called the semigroups
f,;. charts. These are the three essential parts of
transformation semigroups which were introduced
in [19].

A transformation ¥ in (,;. is called

("alternating semigroup") if it can be expressed as a
product of an even number of transpositional or a
product of any number of circuits/paths of odd

length. A transformation ¥ in a semigroup Dﬁﬁ;, is
nilpotent if there exists 77 = 0 such that 7 = @.
The idea of an even permutation has been

generalized via path notation to one-to-one partial
transformation. "Reference [24] explained that each

subpermutation 3 om{l. can be pictured as a
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digraph on 17 vertices with p, g and edge of i if
Py = g. Each component of such a digraph is

called an orbit,

The combinatorial properties on different
classes of transformation semigroups have been
studied by different researchers and many
interesting and delightful results have emerged. For
instance in [23] looked into the combinatorial
properties of the symmetric inverse semigroups , in
[8] got some results on combinatorial properties of
the alternating groups (ﬂ”), in [17] studied some
algebraic and combinatorial  properties  of
semigroup of injective partial contraction mappings
and isometrics of a finite chain,in [1] studied
identity difference transformation semigroups , [2]
also studied some semigroups of full contraction
mapping on a finite chain. Recently , inspired by
the work in [25] , [3-6] obtained some results on

combinatorial properties in the semigroup ﬁi, and
its subsemigroup Uﬁi respectively. But the

combinatorial properties on subsemigroup Zlﬁf;
have not be study. This paper is therefore focused

on combinatorial properties of subsemigroup iﬁﬁi.

Analysing problems of combinatorial
nature arise naturally in the study of transformation
semigroups. The sequences and triangle of numbers
regarded as combinatorial gems like the Stirling
numbers used by [19], the Factorial used in [26,
28], the Binomial used in [16, 20], the Fibonacci
number used in [18], Catalan numbers used in [14]
and Lah numbers used in [21, 22], etc., have all
characterized in these analysis problems. These
problems lead to many numbers in [27] but there
are also others that are not yet in it and this
underscores the need for the present study.

The theory of semigroups has its scope
widened to embrace some other aspects of
theoretical computer sciences. This research work
and its findings are expected to be beneficial in the
areas of automata theory, coding theory,
computational theory and formal languages as well
as application in the sciences. It can also assist in
sorting data and designing better networks. For
standard concepts and terms in semigroup,
symmetric inverse semigroup,alternating group and
semigroups in [19], [15] and [25].

Definition 1.1:[Umar[29]]

DA, = (i €DAL: (Vv € Domyp) vip <
v}

is the subsemigroup of

ﬁf
1 containing all order-

decreasing alternating semigroup on @,

Definition 1.2:
7
Let (= D;‘L”.

2(y) = |Imyp|.
Definition 1.3:

{
Let P E Dﬁ,a.

T(y) = [F(¥)].
where F (W) = {i € Domy: pp = p}.

Then, the height of Yo

Then, the fix of Y is

Theorem 1.4:[Borwein[9]]

Let‘s = {D?J. Then
{(mo)=S(m+Ln—o+1). where
S(1 9) is the Stirling number of the second kind.

Proposition 1.5: [Umar,[29]]
Let‘s - fﬁn. Then,

Em %) = (3) Boes
Proposition 1.6:[Borwein [9]]

Let § = fﬁ?i‘.Then HD?F' - B?H 1* where

B n+1 is the Bell’s number.

Proposition 1.7:[Umar,[28]]
Lt PED,) ={¥ € ((D,):F(¥) = 0}
Then (D) = By,

METHODOLOGY

The following procedures were used in carrying out
this research work:

g
(i) the elements of 7 were constructed for
1=<n=<6;
(i) the combinatorial functions $(mi @), §(m 3)

o {
and $(1:9:3) were used in — ™ to derive some
of the triangular arrays of numbers; and
(iii) the pattern of the triangular arrays of numbers
obtained were studied and some results were
obtained on their combinatorial properties.
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from Theorem 2.1 and Theorem 1.2

o<n—2€{D, Ef‘ﬂ.?

respectively

for 7"
2. MAIN RESULTS
Lemma 2.3:
Theorem 2.1: 5 DAl
_ i 1" Then,
Let § = DA, Then,
f[?ﬂ r:I-:l;l—lj = f dd
1 n—-3 MY ... ,;,, ifniso
, if -
{?I _ 1) + 2 saa (z) Imiseven E(m; 3p) = &(m;0) =4 B, — 1, ifniseven
1 -3 n o
{’-‘F _ 1) + 27 ven (z)’ ifnisodd
Proof.
Let
P =
Proof. Let Z be the fix of ¥ i.e T(¥) = Z. Then Ep41 Epbz — — —&
the unique path consists of 1 — £ points. For the g (o1 — — —Gooy

completion ¥ of ¥ to be even we need T ~ Z to
be odd. for F(®) = 0. 1t is clear to see that there is a
Clearly these are two cases: if 7T is even then Z  unique path of a nilpotent element at

f{(®)=n—-1¢ Dﬁ’? " then the completion ©

Moreover, the unique path must have at least 3 of P is odd if M is even and even if 7T is odd. 0

must be odd and if "7 is odd then € must be even.

points (n—z=3) impliesZ = 17— 3
Thus, Theorem 2.4:
{
E DA
E(ma,y) =2"""= f[ ] (” )T;E” ]
n n—3 . m3) = n—3:3,
('-‘F _ 1) -I-EEr odd ( ), ifniseven
W € DAL
n -3 ( ) fnisodd Proof. Let 7 and let
('-'I— 1)+23*”9” z ) iSO VLV — =~ =V € fix of ¥ Since ¥ is an
] order-decreasing  even  charts, then  for
v € (V,\Mv,— ——vs}) N Domyp (0
Proposition 2.2: v € V\{vy, — — =0} g vip < v Thus,
ot = f'ﬁi Then, the restriction of ¥ to Vo MV~ — —:s} posed
and is a nilpotent element of
{
‘f(?“.ﬂj_z DA (M Mve===25D 1he numper of
Lifo =n nilpotent elements that can be formed by these

C; B 1) +E; Did ( )’ ifnisevenando = n T 3 elements is §(m—3:30) Therefore, the
n s result follows in [28], Theorem 4. 2]

(ﬂ _ 1) +Z;J”E” ( ), ifnisoddande=n—-1
SmM+Ln—oc+1), for 0= =<n—2 Theorem25:

{
'5 DAy Then,

Proof. It is  obvious to see that |Dﬁ | =B, ., —27 141
oY = Elmen) = _ nl = 5q :
SMmioy) =¢Em =LVYN r o=n—1 por 1t is well known in [29] that
and For 0= 0 =1 =2 yhen the results follow 2=y £(1;0) = |®ﬁi|-
31
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Thus,
X Eme) =Xl &(mao)+
E[”: l:r:l;l—lj +

¢(1; 0,)ByProposition2.2, wehave| DAY | =

XS+ Ln—c+1)+2" 1+
DA, | =20, S+ Lin—a+1) -
[S(n+12)+S(n+1;1)]+ 271+

Lemma 2.7:

_ g
Let § = DA, Then,

¢(n. o, 3,)=1vn

Lemma 2.8:

_ g
Let § = DA, Then,

1Again,byThenreml.EandPerDsiﬁnnl.4,wehave|1)1‘Li| =

By —[(2"—1) +1]+ 2" +

11DAS | = By, —27 1 + 1. O

Remark 2.6:

The triangular arrays of numbers $(M:9) and
{

$(1:3) in DA, are not yet listed in [27]. For
selected values of these numbers see Table 1 and 2.

TABLE 1. Triangular array of numbers (1; o) in DA{F

nfe 0 1 2 3 4 5 6 X&mo)
0 1 1

1 1 1 2

2 1 2 1 4

3 1 6 4 1 12

4 1 10 25 8 1 45

3 1 15 65 90 16 1 188

6 1 21 140 350 301 32 1 846

TABLE 2. Triangular array of numbers &(1; 3) in DAEF

/3 0 1 2 3 4 5 6 Z&mI)
0 1 1

1 1 1 2

2 1 2 1 4

3 5 3 3 1 12

4 14 20 6 4 1 45

5 52 70 50 10 5 1 188

6 202 312 210 100 15 6 1 846

f(n’ r:r:';l—l’ ul}) =
1, ifnisoddandoc=n—1
0, ifnisevenando =n—1

E e
proof. Let ¥ € P ang T(¥) = 3 pe such that
() =1 — 1. Then the completion ¥ of s

odd if 77 is even and even if 7 is odd. By the order-
decreasing alternating property, since there is no
fixed point, then there is only one element of the

{
DAy, if 7 is odd and 0 otherwise.

L
Theorem 2.9:
LetE - 1j"ﬂh‘i'Then,
§(M0.y_2,0)=5(mn —o), for 0<
og=n—2
Proof. Notice that by virtue of Proposition L3,
suffices to establish a bijection between © [imi)
and Dﬂi—l' So for every vy €P [ﬁﬁi) we
associate an ve imi—l

by
E(0) =0 g SWy) =¥

where Z¥n = (2 — 1), (z € domyy, )
Now since I & dom 1, and 1 € dom b 0

clearly ¢ is a bijection, as required. [l
Consequently, from Lemma 2.7, Lemma 2.8 and
Theorem 2.9 we deduces that,

Corollary 2.10:

_ g
Let § = DA, Then,
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_ ¢
& =DA .,
§(mio,3p) = Let 7" Then,
1,ifoc =n = Jand0, otherwise
1, ifnisoddando=n—1 Eia, %) =
0, ifnisevenando =n—1 1,ifc = n = Jand0,otherwise

Stmyn—og), for 0<og=n-—2 7
(mim ) I {i}, ifnisevenandoe =n—1
.
4 0, ifnisoddande=n—1
Proposition 2.11:

!
— Al Cm S(n—5n—0o), for0=g<=n-—-2
Lot = DA k 5)S( )

f(?ffi ﬂ-:';l—l’ 3) =

7 Remark 2.14:
Cﬁ)’ ifnisevenando =mn — 1 The triangular arrays of numbers §(m:9.3) for
o o ~ 7
0, ifnisoddando =n —1 (3 =012) jj DA, are not yet listed in [27]

which we believe they are new . For some selected

€ DA - values of these numbers see Tables 3+% and 2-
Proof. Let ¥ n and T(¥) =3 since

(W) =1 =1 Then the completion wrof s

odd if 7 is even and even if ' is odd. Moreover, it

TABLE 3. Triangular array of numbers &(n; 5,3,) in ‘D:‘Li,

follows that there should be no fixed points in nfe 0 1 2 3 4 5 6 XimaI,)
DA . . o 1 01
1" By the order-de%reasmg alternating property, 1 1 0 01
(i) 0 2 1 0 o0 01
we see that there are “-3+ ways if "7 is even and 3 1 3 1 0 05
if 7 is odd. [ 4 1 6 7 o 0 14
5 1 10 25 15 1 0 52
— {
Let's 1j"ﬂh"F'Then
)
f[?]‘, CFE:';I—ZJ' 3] = (é)g[ﬂ — E;T]‘ — r:',l'], TABLE 4. Triangular array of numbers £(n; 0,3,) in DAE;
for0<=o<n-2 nfe 0 1 2 3 4 5 6 XE&mo3,)
0 o0 00
Proof. From Theorem 1-2 we see that for every ; g ; o g;
(@) <1 =1 g all order decreasing symmetric 3 0 3 0 0 03
7 4 0 4 12 4 0 20
inverse  semigroups.  Let ¥ EDA, and 5 0 5 30 35 0 0 70
Y o 6 0 6 60 150 90 6 0 312
T(¥) = 3 pe the fixed points of ¥ Then ~ fixed
n
. 1'{; .. (m)
points of * can be chosen from “"7 in 34 ways.
It follows that, on the remaining 7 — ~ points there TABLE 5. Triangular array of numbers £(7;0,%,) in DA
should .be no fixed_ p_oints in n??_' By the order nje 0 1 2 3 4 5 6 Ximo3,)
decreasing/symmetric inverse semigroup property 0 0 00 -
we _see that tfrlere are 1 0 o 00
{m—3,0—3,3)=5m—3,n—0) 2 0 0 1 01
possibilities. [ 3 0 0 3 0 03
4 0 0 6 0 O 06
Consequently, from Theorem 2.9,Proposition 2.11 5 0 0 10 30 10 O 50
and Theorem 2.12 we deduces that 6 0 0 15 90 105 0 0 210

Corollary 2.13:
33
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Theorem 2.15 :

7
@(im’?j be the nilpotent element in order-

ﬂu. Then

Let

decreasing alternating semigroup on

B,. ifnisodd
19 (DAL)| = B, — 1, ifniseven

Proof. If T is odd the proof follow from Theorem
2.3

O

1.5 and if 7 is even it follow from Lemma
respectively.

Remark 2.16:
The triangular array of number $(mio) in

#(DAS)

values of this number see Table

are not yet listed in [27]. For selected
6

TABLE 6. Triangular array of numbers {(1; 0) in @(DA’;:)

nfo 0 1 2 3 4 5 6 X(mo)
0 1 01

1 1 0 01

2 1 0 0 01

3 1 3 1 0 05

4 1 6 7 0 0 14

5 1 10 25 15 1 0 52

6 1 15 65 90 31 0 0 202

3. DISCUSSION OF RESULTS

The combinatorial functions of two parameters
$(13:9) and (1 3) were used to obtain results
of Theorem 2.1, Prosition 2.2, Lemma 2.3

and Theorem 2-4 respectively. More so Theorem
2.5 generalized the results on |Dﬁi|'
Furthermore, the combinatorial function of three
parameters $(1:6:3) were also used to obtained
results of Lemma 27728 and 2-9 from which
the Theorem 210 was deduced. More results were
also obtained on SU193) and stated in

2.11 2.12 \which lead to

Proposition and Theorem
Corollary 2.13 Lastly, Theorem 2.15 generalized
{
result of nilpotent in |Dﬁ” 5

4. CONCLUSION

This paper investigated combinatorial properties on
subsemigroup of order-decreasing alternating
semigroups in which combinatorial functions

$(ma), §01:3) and $(1.9.3) were used to
derive some triangular arrays of numbers and some
of its combinatorial results for each function were

4
DA |

established. Moreso, the results on and

{

|p[®ﬁ”j| were also obtained and generalized. It
is hereby recommended that the work should be
extended to other subsemigroups of alternating
semigroups such as; order preserving/order
reversing, orientation preserving and other
semigroups such as isometrics of injective mapping,
identity difference transformation semigroups, etc.

This paper has developed some new triangular
arrays which lead to many number of sequences as
shown under appendix. The results obtained are not
yet listed in [27] which is the largest database of its
kind and we believe they are new and can be
submitted after the publication of the results listed
in this works.
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