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Abstract: In this paper, we propose a method of solution
for both nonlinear Ordinary Differential Equations
(ODEs) and Partial Differential Equations (PDEs).
Shehu Transform is combined with Homotopy Analysis
Method (HAM) to handle both homogeneous and
nonhomogeneous problems in the family of differential
equations considered. The properties of homotopy
derivatives are exploited while handling the nonlinear
terms encountered. Several examples are solved using
HAM and the Shehu Transform Homotopy Analysis
Method (STHAM) proposed in this work, and the
effectiveness of the proposed method is obvious in terms
of reduction in the volume of computations and time. All
computations are carried out with the aid of
Mathematica 12.0.
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1. INTRODUCTION

Larger percentage of physical phenomena, when
modelled result into nonlinear ordinary or partial
differential equations. The differential equations thus
formed are mostly very difficult, if not impossible to
solve using the traditional analytical approaches, and
that informed the development of numerical methods
that often give approximate solutions. The need for
more reliable results brought about the development
of semi analytical methods that generate exact
solutions whenever such exist in closed form.
Prominent among such methods are the Adomian
Decomposition Method (ADM) introduced by Gorge
Adomian in the early 1990s, Homotopy Analysis
Method (HAM) [1], Homotopy Perturbation Method
(HPM) [2], Variational Iteration Method (VIM) [3],
just to mention a few.

Homotopy Analysis Method makes use of two
deformation equations which are referred to as the
zeroth order and nth order deformation equations.
These equations generate improved results that
eventually get closer to the exact solutions within
limited number of iterations ([4], [5], [6]).

Integral transforms such as Laplace [7], Elzaki [8],
Aboodh [9], Sumudu [10] and Shehu [6], just to

mention a few, are very useful methods in solving
initial value problems (IVPs) in both ordinary
differential equations (ODEs) and partial differential
equations (PDEs), although some have limitations to
constant coefficients cases. Meanwhile, the choice of
Shehu transform in our earlier work [11] informed by
two special qualities that Shehu transform possesses,
which are, that; it solves constant coefficients IVPs as
well as variable coefficients ones, and the fact that it
generalizes the earlier transforms such as Laplace and
Sumudu ([7], [12]). Handibag and Wayal applied
some other methods to obtain the solution of system
of nonlinear PDEs [17].

In this work therefore, Shehu transform is combined
with Homotopy analysis method to solve nonlinear
initial value problems in both ordinary differential
equations and partial differential equations. The
proposed method is easy to implement, and it reduces
computations in terms of space and time.

2. STATEMENT OF THE PROBLEM

The class of problem considered in the research is the
general nonlinear differential equation

LuCe,y) + N{uCr,y)) + Quix.y) = fCx.y),
where L, N. . and f are respectively the linear,
nonlinear, the remaining linear terms and the
inhomogeneous source term.
This family of problem above is solved using
Homotopy Analysis Method (HAM) and Shehu
Transform Homotopy Analysis Method (STHAM) the
details of which are presented in the sequel.

3. PRELIMINARIES

A. Homotopy Analysis Method of Solving
Nonlinear Differential Equations [13]
Consider the nonlinear initial value differential

equation

Lu(x) + N(ux)) = flx),
where L is the linear operator, ' is the nonlinear
operator and f{x) is an inhomogeneous source term.
There are two deformation equations: the zeroth order
deformation equation and the nth order deformation
equation which is derived from zeroth order after
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differentiating it n times with respect to the
embedding parameter g, and setting g = (1. The
zeroth deformation equation takes the form

(1 —g)L[(@(x; q) — 0(x;0)] = ghN[o(x: q)].
while the nth order deformation takes the form
Llu, (x) — yuu,_ ()] = D, _, [N [g(x: g)].
where

_ {EI. n=1
MTY, p=t
g £ [0.1] is the embedding parameter, h is the control
parameter and

1 " Nlplx: ¢)]
Dn_]_[an'lr[';h{x: q]]zlin—l]: ﬂ'q“'l
is the homotopy derivative.
The rules guiding homotopy derivatives include:
n n

D, (@) = Z D;(@) D, _;(@) = Z W U
j=0

j=0

and

mmn:iqmmh@n=i%ﬁim%¢
f=M =0

Jj=0 k
For details on HAM, interested readers can check
(Liao, 2009).

B. Shehu Transform for Derivatives
The Shehu transform of the term «'™ {x), where n is
the order of derivative and n. £ M is given as

. n-1 .
S{M'”'{xj} = %U{S.U] - Z (;)r‘ i w4 (o)
Jj=0

such that
Slulx)} = U(s.v)
and

kuu=§ouy-ﬂm.

4. Application of Homotopy Analysis Method to
Nonlinear Initial Value Problems in ODEs

Problem 1 [14]
Solve the second order nonlinear IVP below using
HAM

y'(x) + 2y()y' () =0, y(0) = 0,y'(0) =
1 (@)

Solution

The initial approximation

yplx) =y(0) +xy'(0) =0+ x1==x
The auxiliary linear operator

Lly()] =y (x).

while the nonlinear operator

Nly()] = y"(x) + 2y(x)y'(x).

Using the nth order deformation equation

Llwn () = xn¥noi] = BDp_ Iy () + 2y G y" (11,
where
_ 0, forn=1
X _I'J.. for n=1
and

D, [IN[y(x)]] = D,_, [v"(x) + 2y(x)v'(x)1]

= -1 + 2 E028 v (B ynoi- i (®)
Forn =1:

o

Dy [Ny (1] = v () + EZ:FJ- (e Dy -1-5(x)
= yy' (x) +2 :.n :h-ﬂ (e)

Forn = 2: X

Dy [NIy() 1] = v () + EZJ-;- (x)yn-1-j(x]
=ﬁm+£kmw

Forn = 3: ]

D, [Nly(x)]] = (=) + EZJ-} (¥ -1-j(x)

= ' (x) + 2(ys () 3 (=) :;DL (el yi () + 3 () ()

And so on.
Using the above derivations in the mth order
deformation equation, we have

L[y, (x) — 7,91 = RDpN [y(x)]
v () = hiv () + 2y (0 (xD)

y (x) =h(0 + 2(x.1))
y'(x) = 2hx
Integrating, we get

yilx) = he® + ¢
Using the initial conditions, we have y, (0} =0,
hence ¢; = 0. Thus,
y (x) = hx?,
Integrating for the second time, we get

1

yx) = 3 ha + ¢a,

which also gives £, = 0 upon substitution of initial
values. Therefore,

y (x) = i.fz.rg.
The second iteration:
L[y, (x) — 32y, 1 = WD N [y(x)]

yi () =y (x) = Ry () + 20y () () + 3, Gy ()]

.1
ya () — 2hx = h[2hx + 2(x hx® + E.’z.rg. 13]
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.8
o' () = 2hx + 2hx" +§.’r.r:1

, -
Vo (x) = hx* + 2h%x* + gh'x‘} +e,.
Using the initial conditions, we get -, = (. Hence,
Z
vl = hx 4 2% + 3 h*x*,

1 1. 2
¥, () =§sz3 +§h'.:|c:1 +E."r.r5 + ca

Using the initial conditions, ¢, = [, Therefore,
1 1 2
. N W ST B R B
¥, (x) Ehx -I—Eh x -I—_LSJJ x.
The third iteration:

Ly (x) —¥a¥=]=hD.N [J{-ﬂ]
Integrating twice and using the relevant boundary

conditions, we get
1

—i'y’
162

1 2 1 4 1 1 17 1
" :_!_:!_]]_]4_]5_35 1.7 | T
() 3!1: +3hx +ahx +ghx +whr +mhx +—315hx +63hx t
When i = —1:

&=z
x
_‘J"]_{x:] —_?-
x? ¥ 245
Rl =-F+34+7g

In like manner we get the ¥, ('}, and so on.
The solution y{x] to the problem is given as
v =y ) + v G0 + 9 ) + 9 G+
which gives

x¥ 2yF £ xF
Yo =x -t Y tret

Application of Homotopy Analysis Method to
Nonlinear Initial Value Problems in PDEs

Problem 1 [12]
Use HAM to solve the nonlinear PDE

ur+u§=ﬂ. ulx,0) = x, t= 0.
Solution
The auxiliary linear operator and the nonlinear

operators are respectively

du du du
Llu] = e N[u} = Fradem e

du du _
Dy [N[d] = Dy [+ (507
n—1
%amu—l—j
dt dx  dx
i=o
Using the nth order deformation equation
Littn (x,t) — ¥nttn_, (6, t) = hDp_y [N[ud]

— a I"l’:lz—l

n—1

duy, dn_y ) g,y N Z Eﬂu“-l-.i' |

ot " et | et Lox ex
=

Integrating through from @ to £, with respect to ¢, we
have

n—L |
dab,_y ﬂu_i-ﬂuﬂ_L__i-

8t Lidx ox

4

-4
Up = ¥plp_y + 'rJJ‘
o

Taking i = —1, we have

n-1
B Hu,_, Bu; B,y
Uy = Fnlp_y — —_— ——=| dt.

o at o dx g
j=0

4

Forn =1:

Prouy, Qupduy
U, = ¥,uUy— — 4+ ——dtL
L= it J;[ar+ax A

But 2, (x, £} = x from the boundary condition. Thus,
t

u, = L'I..r—J‘ 0+ 1.1)dt = —¢
0

Forn =2:
J‘r[ﬂul I?HD I?HJ_
Y2 = x| G T ex oa

u, = 1(—t) - f [(—1) + L0 + 0.1]qt

Uy = —t+t =0

All the subsequent w, {x, £} = 0, for n = 3. Thus
ulee, t) =ugle, ) + uy (e t) +uale,8) + o
ule,t) =x—t+0+0+0+

Hence,

ulx,t) =x -t

I?HJ_ I?HD

Bx Bx

Problem 2 [12]
Use HAM to solve the second order nonlinear partial
differential equation

Uy +:}u§. —u.  uld,y) =149 w0y =1
Solution
The auxiliary linear operator is
8% u
L] = ——,

while the nonlinear operator is
_ & taus
NLul = = T {3_1.'] H
The initial approximation is obtained via the use of
Taylor’s theorem for two variables as follows:
g o yd = ule, ) +uyle, 8)x —a) + uplab)ly —b) 4+
But in this case, a = 0 and b = y, thus
Hp':x-_‘.l’] = ul:l:l. _T:] + HI{I:IIJ.‘:]{_I — U] + Uy ':U.:":] {_T —J‘:]
up (x, 3} = ul0, y) + u,{0,v).x
Therefore,
uple,y) = 149"+ Lx =14+ x4 95
Using the nth order deformation equation, we have
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u 1 Bu
N[u]] =D —) —u
D,y [N[ad] = 3 L[ 435G,
_Fu,, L“Z' Bu; auﬂ_L_J.-
~Toxt taliay oy < Umt
i=0

Hence, the nth order deformation equation becomes

; ; . L A=l

a° uﬁn o & u“._l' - [6" uﬂ"—l- +£T BujBup_yj HF_J

i R e [ gx* 4-_-L‘D dy 8y ' J
=

Integrating through from 0 to x with respect to x, we

have
!
i u,; 1 Bu dup_
Hr'_).‘r!ur!-l.zlr!J; J‘D( a2’ +- Zﬂj a'j I uﬂ_L'rz’xn’x
=0 /
Putting h = —1, we have
" 1-1
*rrBPuy IR0 B,
Uy = Vylly_, — — 4= ) ———u,_, ldxdx
n = dnlhn-y J‘D J‘D ( gx- +‘1'ZD dy dy n-L
=
Forn =1:
J‘ J‘ u[, 1 Bug Buy, jﬂ’ P
Uy = L ___—L[ xax
1= X1l — 4 ay ay o

. .
ul=u.(1+x+y-l—[ f (u+;(2;.2;] (1+x+y7) ]d;m
]

X X
uL=J‘ J‘ (1 + x)dxdx
n fn

Hence,
.r: x!
HL=?+€.
Forn =2:
¥ ity 1 dupdu, Bu, duy
Us = Volly — —t-(——+——)—u; |dxdx
RS JJ;(ax- s Ty L]

0
x: xﬂ J-IJ-I . x: xﬂ
u:—?+?— A J.-I-J:—?—E dxdx
x

x-t 5

SETEED)
The solutlon is given by

ule, y) = uple ) + ul(x.jr] -|— 1, (x, v) .|_
¥ x?

3! 4-'+5'+
xt x? oxt xF

ule,v) =y* + (1 +x +;+;+?+;+-“ ).
Hence, -
ulx, v) = y* 4+ &~

5. Application of Shehu Transform Homotopy
Analysis Method to Nonliear Partial and Ordinary
Differential Equations

To present the algorithm for our proposed method, we
shall consider a general nonlinear differential
equation

LuCe,¥) + N(u(x.y)) + Qulx, ) = flx, y).

where L is the highest order linear operator, ¥ is the
nonlinear operator, § is the remaining linear terms

and f{x, y) is the inhomogeneous source term which

is a function of two variables x and v,

The Shehu transform shall be applied to every term of

the given equation as follows

S{Lu (e, )3 + S{N (e, ) )} + 5{Qux, 323 = S{f (x. v},
such that

S{Lule,v)} = 5[3 J} Sfu'™
) = y- S ET
.5'{11 }—FU{S.LJ—;{L)

' (0)

Putting (3) in (2) gives

n-1 .
2" o =L+l
FU(S.L‘] —ZD(;)

J:
where the Shehu transform of u(x, y) is
Sulx, )} = U(ls,v2). vy and w7 (0, y) represent the
sequence u(0, v}, u, {0, v), u,.(0, v}, ..., for
j=0L2...n—1

T
Dividing (4) through by f— we have

ahel
(s, v) - - (i)

sy
j=0

=0 ()
From (5), the general nonlinear operator is obtained
as

NU((s,v),y39)]

n-lj+L

0 + 55 ) 5500t - 0y

ot n-1 g n=lj+0) " o ) o
Uis.») %(5) i 10) +=5{Nut )} + = STout )
L‘ﬂ
'FSW W (6)

where g € [0.1] is the embedding parameter.
The results above shall be implemented in the sth
order deformation equation

LU, (G v).y) = xaUn_s (o), 3)] = hD,_, [N[U(Gs. ). 32 9)]]

But L[U, ((s, v}, v)] = U,((s, 1), ), thus

b((siv).) -rnUn.L(CS-fJ-J-‘]

\ j=0

W9 0) +%5[N[u(x.)-‘])]+%5{Qu(x.)-‘]}
Ui’!
—Fs{f'&. y]}) )

With the application of Homotopy derivative I, _,.
(7) becomes
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0(ls2)y) - plii50y) 5((s).y) =0, (60).y)
al=t n-lj+1) ! :
=J:(U(s,v]—('l-ffn-rl(v_pZ(i) Lui'(ﬂ]—b—s[f(r,)']}) +h(w (5:0) -0 ) ooy 40,
§ () §

j=t

=]

5'-” }l n-1

Taking h = —1 and applying homotopy derlvatlve
rules, we get

i3l l)}+f75{ou£r,)=1}]), U
Bls,0),9) == =10, (ls,2),9) 4 (1 -f«.-r]s_:EUE(J’] -=$ Z uj-uﬂ_L_J.-}

where =
0, n=1

¥n = {1' n=1 and v:g ﬂzla”ja”"--l-i

. iy dy
_ 0, =n-1<1 =
e g

Jﬂ(:m"]*):) +(1_Xr!]Ur!-L((5JV]JJ")'(l = In- J.] COS(J] +55 yujur.-l.-j
6. Application of Shehu Transform Homotopy § st j:[‘,
Analysis Method (STHAM) to Selected Problems et
in Nonlinear PDEs and ODEs v %3”«.-1-1
: - ﬂj‘ ﬂ'J‘

Problem 1 [12]
Use STHAM to solve the nonlinear PDE With y, and y,_, having their usual meaning, we
Up +u”—uj, =0, ully =0 u,(0,v) = cosly), have for n = 1:

where u = ulx, v)

Solution UL{{S v), .‘J} + "U- _}’L]Un{':S 1'] .‘J}l ':J:
Iﬂ'" u S . (ilfj_ —0 }fD] L'DS'ij :I -I- S{HDHD}_ — {a::" %} = 0.
Bt dy-
We shall take Shehu transform of (i) to get The initial approximation is obtained as:
8 u 8 u ug (x, y) = ula, b) + u,(a, b)(x —a) +u,(a By - b).
S{ﬂx }4‘5{“ }- 5{( j } =5{0} From the boundary (bnditions, a =0 and b= y.
But Thus
u)  s2 < ug (x, ) = ul0, y) + u,, (0, y}x — 0) + u, (0.¥)y —y).
5 {E-.:c_:} = v—:U{':S, L‘]aj-‘} - ;Hm;j-‘] — HI{U,}‘] u[,'i.r,jr] =0+x CDE{:]:'] -I-"[]. u,_.{[l,jr] = xcus{y]. )
Substituting (i:) in (iz), we have . U, (. v).y) = Uy(Gs.0).y) —Z—:cns(_j-‘] +Sh:cus:(}‘]}—:—:5{(—xcus()-‘]]:} =0

5 5 i a u\ 2 2 2 o
FU{(S: 1:],)-‘} —;u{ﬂ,y) —u,(0,y) + 5{u"} - 5{(6.3_:) =10 U,((Gs.v).y) = :—:ms{j-‘] - :—:cos(j-'] + :_:SLI:CDS:(_}-‘]} —%5{{—xcus()=]]:} =0

s° 5 . 8% u U,_{{s, 1:],_3-'} =0
L_,_:U{{S* v).y) - ;'D — cos (¥) + 5{u"} - 5( g }=0 Taking inverse Shehu transform of both sides, we
-] have
Dividing through by — ylelds 51 { { (. v) }} 5-1{o).
e d-u iy {.l',j 1 =10,
U((s.v)y) - _':':'5 0+ _5{1“ - _“‘{(aj._) }=0 The subsequent terms also give zero. Thus, the
Hence, the general nonhnear term is solution of the given PDE is

2oa 2 ula,y) =gl v) + 0y G v + 00 ) £ 0
"J[U{( RE qJ] J{(s vl }——cus@]+—5‘{u —L—f{(a—u] L oulr,y) = xeosly) £ 040 4

3y° ) = :
and the linear operator ul.y) = xcosly).

L[u((s.v). v q)] = Ulls v).v).

Using the nth order deformation equation, we have Problem 2 [12]

; } R Use STHAM to solve the nonlinear PDE
( r Tan T My u, fui =0 ulx,0) = x t=0
T - ;f‘ —Su- —— =1 t X . 4 .-
600 ) =0 o) =18, 0 ) 20 ‘)Hs: ) 5:5{(5‘.}-‘:}’] Solution
) ‘ ¢ ) Application of Shehu transform to the given PDE
Uhl(5:20) = 11 (2 3) 400Gy - )+l i) ] yields

]

5
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s+ 5{(%]} = s(0).

But
du s
SIE} —U{x (s,v }— ulx, 0).
Substituting 5 { }back in the earlier equation yields

2 0(x,(5.) - u(x,0) +5{(g—i]:}: 0.
—U(x(s.0)) —x +5 {(Z—i)} =0

s s Ay =
U{x, {5,1;]} —Ex +§5{(ﬂ—i) } = 0.

Hence, the general nonlinear term is

NIUCx, () g)] = U (. (s.0)) - —x + —5‘ {(—J}

dx
and the linear operator

LU(x, (s,v):q)] = U{r, (s, v]}

Using the nth order deformation equation, we have

L[V, (2. G, )) ~ ynlpi (2. . 0))] =

hD,_ [N[U(x, (s, v): g)]
U(x(s.v) —Er + %S[(zlx”l

1

Un{xJ(SFV])_XnUn-J.(I( ]) hDy_y

0y x50 = gy (s }}Jrh(UF (o) - -7, L]v 4= S[

Taking h = —1:

| v fhuy By

Uq_{x.(s,v]}: -1 _).'r!]'['rr!-l.{ (s, 1’) |+ (1- in ljsx 5[6‘) dy
v duy du

Un(:c,(s,v]}-l-('l-}.‘n]Un-L(IJ(SJ"']) (1- = In- l] Iﬂjnﬂjn}

The notations y,and ¥,_, have their usual meanings,
thus for n = 1:

) ) ¥ v (Bu,du
U_{L(S, v )+ —){L]JD{I, ',S,v]) - —,J?L]j-'f r[a : By D}
g |

Ul{r, (s, v) } +§x - Ex + ;5{1.1} =0
U,_{:r,{s, 1:]} +E(5) =10

e

U (x.(cv))=-—

Taking inverse Shehu transform of both sides
HL{-T; f] = -

Forn = 2:

U:(x,(s,v]:l+(1—){:]Ul(x,( ]) (1- )‘L]
Us(x,(s,v)) + 55{1.0 +0.1}=0
U,(x. (s, 7)) +

v rIﬂunﬁul ﬂulﬂun}
gy dy dy dy

i
=.0=0
5

>

i, {x, (s, 1:]} =

Taking the inverse Shehu transform of both sides we
have

s Hu,(x (s.v) )} = 5~ {0k

u.(x, ) = 0.

For n = 3, the equation reduces to:

n—
i, {x, (s, 1:]} + 55[

. dujun_y_;{ 0
gy By a
Jj=0

uplx, t) =0, form = 3.
Thus, the solution to the PDE is
ul, t) =uple, ) 4w, O8] + wa G t) + g (e, £ 00
ulx,t) =x —t+0+04+0+
ulx, t) =x — ¢

Problem 3 [14]

Use the STHAM to solve the nonlinear IVP

v — (@Y + (v =1L y0) =1 y@=0
Taking Shehu transform of the IVP in (1), we have

Siy" G} = S{0' )Y + 5Ly = S(1}

These yields

%m, ) —iy{n] -5/ (@ =S[00} + S( Y} = 2
1
V(s —%——5{{;. Gy }+—5{<; ()* }—j—
3
Fo) - &+ 5 - sy @) + 2 sy @) =

The nonlinear operator is given as

: u oudout u-
N[§(Gs:q)] = ¥, - (£ +3) - Z SO/ + S )Y
and the linear operator
L[cﬁ{(s, u): q}] =¥z, u),
where ge[0.1] and 0 (=, )
and g.

Now, we make use of the nth order deformation
equation

LY, (s.u) —y,¥,_,(suw]= hDﬂ_L![N[:rﬁ{(s, w:g)]]
) =58 #1501 ) 5) -3y O

q) is a function of (s, )

i o

+FS{D1_L[()-\I]]'];]
Taking h = —1, we have, using the theorem on
homotopy derivatives

Bolsu) = paFpg o) =V ) + (L= g ( ]'i' "SZJ Pp-1-j} = "S[ZJ - L-J]
V() = =(1 = g ¥ (o) + (= L( —J ;SZJ A G[Zm L-J]
Vo) + (1= ¥ o) = (-, ( —J——S[ZJ - L-J]Jr S[FZLJJF L-J]

with y, and y,_, having their usual meaning.
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Forn =1:
2

ERTAES 0
* ;] = Shek+ Sy} =0

V(s + (1 -y 00w -1 —){o](;

Also, from the initial conductions,
wolx) = y(0) +xy'(0) =1 +x0=1

u u? ut us
¥V (s.u) + V(su) —:—T—$S{U.U}+$5{'l} =0
u u H! H: u
Viw+-———5+5.-=0
= = = £= £
Thus,
V,isu) =0,

Taking inverse Shehu transform of both sides,
54y, (5.} = 5ok
nld =0

Forn =2:
1

i) + 1 - 75 - 1 —,m(” %] Sy} 4 55y} =0

5
¥.(s.2) = 0.

Taking inverse Shehu transform of both sides, we
have

S5HV.(s,uw)} =50k

Thus, v,{x} = 0, for n = 1. Hence, the exact solution
is

y(x) =G+, () + ) + e
ylx) =14+0+0 +--

Thus,

yix) = 1L

7. DISCUSION OF RESULTS

The applications of both Homotopy Analysis Method
and Shehu Transform Homotopy Analysis Method
(STHAM) to nonlinear ordinary differential equation
and partial differential give excellent results as the
two give the exact solutions. The advantage of
STHAM over the HAM is the reduction in
computation after the first iteration of the solution.
This situation encountered in the proposed method is
like the ADM where whenever noise terms are
encountered, the result of the first iteration gives the
exact solution.

The nonlinear ODE problems considered were solved
in Hermann and Saravi (2016) by using ADM, while
the problems on nonlinear PDE were obtained from
Wazwaz (2009) where the author also used ADM and
VIM as the methods of solution. All our solutions
tally with the results arrived at in the cited literatures.
The proposed method does not required derivation of
special polynomials, unlike ADM, and no derivation
of optimal values of Langrange is required, unlike
VIM.

CONCLUSION
The derivation of STHAM and its application to both
initial value ODEs and PDEs have been presented.

The beauty in application of the proposed method is
that of drastic reduction in the volume of computation
works involved. Irrespective of the strength of
nonlinearities involved, the proposed method
guarantees the exact solution.
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