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Abstract: Differential-algebraic equations F (t,x,X) =0 (1)
(DAESs) arise in a variety of applications. Their ) " h L oum
analysis and numerical treatment, therefore, playsWith F 2 1 x X7 x XT = X7, where

an important role in modern mathematics. The| J P andm,nON that cannot be solved

paper gives an introduction to the topics of DAEs. .. T
Examples of DAEs are considered showing theireXp“C'tIy for the derivativex. The name

importance for practical problems. Some essentia0mMes from the fact that in some cases they
concepts that are really essential for can be reduced to two-part system: A usual

understanding the DAE systems are introduceddifferential system plus an algebraic part, that
The canonical forms of DAEs are discussed {X = f(t,x2);

widely to make them more efficient and easy folS 2)
practical use. Also some numerical examples are 0=9(t x 2).

discussed to clarify the existence and uniquenesglere the ODE (2) for x(t) depends on
of the system's solutions. additional algebraic variable(t), and the
Keywords: differential-algebraic equations, index solution is forced in addition to satisfy the

concept, canonical forms. algebraic constraints given with it. The
system (2) is called a semi explicit system of
1 Introduction differential-algebraic equations (DAES).

Differential-algebraic equations (DAEs) haveIn comparison with ODEs, these equations
wide app]ications in the mode]ing and present at least two major difficulties: the
simulation of constrained dynamical systemdirst lies in the fact that it is not possible to
in numerous applications, such as mechanicastablish general existence and uniqueness
multibody systems[1][2], electrical circuit results, due to their more complicate
simulation[2][3], chemical engineering, structure; the second one is that DAEs do not
control theory[1][3][4], fluid dynamics, and regularize the input, since solving them
many other areas. The dynamical behavior ofypically involves differentiation in place of
physical processes is usually modeled vidntegration.[1]-[6].

differential equations. But if the states of the

physical system are in some ways2 Examples of Differential-Algebraic
constrained, like for example by conservationEquations

laws such as Kirchhoff's laws in the electricalModeling with DAEs plays a vital role,
networks[3], or by position constraints suchamong others, for constrained mechanical
as the movement of mass points on asystems, electrical circuits and chemical
surface[5], then the mathematical model alsaeaction kinetics. We will discuss here one
contains algebraic equations to describe thesenportant application of DAES in constrained
constraints. Such systems, consisting of bottmechanical systems.[1]

differential and algebraic equations are called.1 Constrained mechanical systems
differential-algebraic  systems, algebro-Consider the mathematical pendulum in
differential systems, or implicit differential figure 1. Let m be the pendulum’s mass
equations. which is attached to a rod of lendthn order

A Differential-Algebraic Equation (DAE) is, to describe the pendulum in Cartesian
essentially, an Ordinary Differential Equation coordinates we write down the potential
(ODE) of the type energy [1][7]
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U (%, y) = mgh= mgl-mgy (3)  Ais determined implicitly by the system (6)
where (x(t),y(t))is the position of the —(8)I[1l.

moving mass at timet. The earth’s
acceleration of gravity is given by; the

pendulum’s height ish. f we denote the In order to develop a theoretical analysis for
derlvatlye of x and y. b)./ X andi y. the system (1), ong has to specify theykind of
respectively, then, the kinetic energy is givensoiution that one is interested, ie.. the
by, 1 solution space in which the solution should
T(X,y) = =m(x+Y) (4) lie. Here we discuss the classical
2 (continuously differentiable) solutions[1][4],
X although other concepts are also available.
¢ Definition:
Let X*(I, X")denote the vector space of all
[ k-times continuously differential functions
from the real intervall into the complex
vector spaceC".
i. A function xOC'(I,X") is called a
solution of (1) if it satisfies (1) point wise.
i. A function xOC'(I,X") is called a
solution of the initial value problem (1) with
h -~ m initial condition  X(t,) = X,; tO1, if it

R . furthermore satisfies the initial condition.
Fig. 1 The mathematical pendulum iii. An initial condition X(t,) = X,; t 01, is
called consistent withF, if the associated

initial value problem has at least one solution.
In the following, a problem is callesblvable

3 Some essential conceptsfor DAEs
3.1 Solvability concepts

»
>

The term (X+ Yy)describes the pendulum's
velocity. The constraint is found to be

0=g(x,y)=x>+y*-I° (5) i it has at least one solution.[1][5] In most
Equation (3) — (5) are used to form theliterature, the term solvability is used only for
Language function systems which have a unique solution when
L(0,0) =T(X y)-U(X,y) —Ag(X, y) consistent initial conditions are provided. If

Hereq denotes the vectay = (x, y, 1) . Note the solution of the initial problem is not

o unigue which is, in particular, the case in the
that A serves as a Language multiplier. The 9 P

ti f motion i . by Euler’ context of control problems [1][2], then
ggﬂ:t:gﬂsc-) motion 1S now given By EUIET'S ¢, rther conditions have to be specified to

single out specific desired solutions.

d(dL )| dL _ 0 k=123 3.2 Index concepts

dtl dg, ) dg T Since a DAE involves a mixture of
. differentiation and integrations, one may

We arrive at the system hope that applying analytical differentiations

m¥+ 2Ax=0 ®) toa given system and eliminating as needed,
my-mg+24dy =0 (7)  repeatedly if necessary, will yield an explicit
g(x,y) =0 (8) ODE system for all unknowns. This turns out

By introducing additional variablest = X to be true unless the problem is singular. The
fnumber of differentiations needed for this

and \./z y we seg _that the system o transformation is called tHadex of the DAE
equations (6) — (8) is indeed of the form (1). 1]-5].

When solving the above system as an _|n_|t_|a n more details, the differentiation index is
value problem, we observe that each .'n't'althe minimum number of times that all or part
value (X(to), y(to)) = (X, ¥o) has to satisfy of (1) must be differentiated with respecttto
the constraint (5) (consistent initialization). in order to determinex as a continuous
No initial condition can be posed fot, as function oft andx. The difference is that an
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ODE has index zero, while an algebraicp(JE-A)Q= diagLle; ,...... Le. , Mm
equation has index one. ’

grerasaann ,mﬂq ‘g)p]_ y \?ﬂ' y WJ]_
4 Linear DAEs with Constant Co- ... No),
Efficients where the block entries have the following
The linear differential-algebraic equations properties[1]:
with constant coefficients are of the form i. Every entry/e is a bidiagonal block
Ex = Ax+ f(t) ) . ’

of size ¢; X( ¢; +1),¢; I No, of the form
with E,A0X™"and xOC(I1,X™M),
possibly together with an initial condition 01 10
X(ty) = %, (10) .o -

Such equations occur for example by ' C
linearization of autonomous nonlinear 01 ] ) 1 0
problems[4][6] with respect to constant (orii. Every entryMy is a bidiagonal block

critical) solutions wheref plays the role of of size( i +1)xn;, i O N, of the form

perturbation. 1 0

4.1 Canonical Forms 0o . 1

The linear differential-algebraic equations 4 . - . .
with constant coefficients can be treated by o1 .0
purely algebraic techniques. Scaling (9) by a 0 1

non singular matrix of the formPO X™" .
and the functionx according tox = QX with lii. Every entry g is a Jordan block of
sizeg x4, O ON, AjO x of the form

1 A1

J

nonsingular matrixQ 0 X ™", we obtain
Ex=Ax+ f(), E= PEQ A PAQ & F _ o

ay 7 | 1
which is again a linear differential-algebraic | 1 A

equations with cons_tant coeffici(_ants. Every entry Ngj is a nilpotent block of
Moreover, the relatiorx = QX gives a one- size ¢ x¢ , ¢ O N of the form

to-one  correspondence  between the g 1 1
corresponding solution sets[1][2]. This means
that we can consider the transformed problem B
(11) instead of (9) with respect to solvability '

and related questions. The following " 0 _ 1_ _
definition of equivalence is now evident. The Kronecker canonical form is unique up
Definition to permutation of the blocks,i.e., the kind,

Two pairs of matrices Siz€é and number of the blocks are
mn characteristic for the matrix pair (E,A).
(B.A).E.A D_PDX _are caIIec_i Note that, the notation for the blocks in
(strongly) equivalent if there exist Theorem 4.C implies that a pair dfx1
nonsingular  matrices POX™" and matrices (0,0) actually consist of two blocks,

i

QO X ™" such that a L0 size0x1 and a block MO of size
- — 1x0.

I]I‘EZ - F:Ef 'IA: - P?hci case we Example: The I_<ronecker canonical form of
) ’ the pair consists of one Jordan block

write (B, A)) - (E,, Ay) - o ~ 91=A]-(@), two nilpotent blocks B N; and

Lemma 4.a. . The relgtlon mdu_ced M three rectangular blocks L1, LO, MO.

Definition canonical form is an equivalence

relation.

Theorem 4.A. Let E, AOX™" | then there

exist nonsingular matricesP 0 X™" and
QO X™" such that (forald 0 X )
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1 11 | ~((A=AE)E,l +A,(A-A,E)E)
01 10 The next step is to transforfA— A,E) " E
(EA= 00 0 , 01 I to Jordan canonical form. This is given by
01 10 diag(J,N), where J is a nonsingular (i.e.,
0 0 the part corresponding to the nonzero

eigenvalues) andN is a nilpotent, strictly

With the help of the Kronecker canonical upper triangular matrix. We obtain

form, we can now study the behavior of (9) ~
by considering single blocks. An important j oll1+A,3 0
associated part of the Kronecker canonical(E, A) ~ ~ b 0

form is that of so-called regular matrix 0 N 0 I+/10N
pairs[4][5]. _ ~

Definition Becauie of the special form Nf, the entry
Let E, AOX™" . The matrix pair(E, A) | +A,N is a nonsingular upper triangular
is calledregular if m = nand the so-called matrix. It follows that,
characteristic polynomial p defined by | 0 -1

p(A) = det(1EA) 12 EAN- { - } 3 +Al 0

is not the zero polynomial. A matrix pair 0 (I+A4N)"N 0 |

which is not regular is callesingular. ~ e ) )
Lemma 4.b. where (I + A,N)™N is again a strictly upper
Every matrix pair which is  strongly triangular matrix and therefore nilpotent.
equivalent to a regular matrix pair is regular. Transformation of the nontrivial entries to
Proof. We here only to discuss squareJordan canonical form finally yields (13) with
matrices. LetE, = PEQ and A, =PAQ the required block structure[1].

with nonsingulaP andQ. Then we have, \c/\z/ailtlg dﬂ:/\e;e?eerlsptr;f ((:gi)c;n\ilg:gilc?oir; svc\)/(reneég?]es
P, A) = det(/1E2 - AZ) ’

now write down the solutions of (9) in the
= det(A PEQ - PAQ) case of a regular matrix pair explicitly.

— _ In particular we utilize that (9) separates into
=detP det(A E det

_ ME -A)deQ two subproblems when(E, A) is in
_Cl'det(/‘ El_Ai) -G, canonical form. That means, denoting for
=CR A) with C #0 both subproblems the unknown function by

Regularity of a matrix pair is closely related Xx(JC"(I,X)and the inhomogeneity by

to the solution behavior of the correspondinngC1(I X" and also usingWeierstrs#

differential-algebraic equation. ical f th f |
Theorem 4.B. canonical orm e ormula

Let E, AOX™" and (E, A) be regular. EX= AX+‘ f transforms 0
Then we have {' OH)&}:[J 0}{& MR

I 0]|J O 0 NI x 0 1 x f
(E.A)~ , (13) ey g

0O NJ|O | That implies 1% =Jx+ f,
whereJ is a matrix in Jordan canonical form And N X =1x + f,
andN is a nilpotent matrix[1][7][8] also in @y =JIx+ £, N, =x+ f
Jordan canonical form. Moreover, it is y 2
allowed that one or the other block is not

present.
Proof: Since (E, A) is regular, there

(Sincel is the identity matrix).

And finally, we get for the first subproblem
x=Jx+ (1), (14)

) ] which is a linear ordinary differential
exist a A)0X with deth,E-A)#0  gquation, while for the second subproblem
implying that (A,E - A) is non-singular. we obtain Nx= x+ f(1). (15)

Hence, (E, A) ~ (E, A= A,E + A,E) We here note that in equation (18)is a
nilpotent matrix. When its index of
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nilpotency is zero, it is nothing but a zero NV =0, N #0 ie. by the index of
matrix. In that case equation (15) is just aa,l

glgebraic_ equation of the form as mentione n (13) is present and by = 0 if it is absent,
in equation (2).

We observe that equation (14) is an initial'> called the index of the matrix pe(E, A),

value problem for linear ordinary differential denoted by =ind(E, A).
equations and is always solvable. ThereforeNote thatv does not depend on the special
here we will only give a more details of transformation to canonical form.

ilpotency ofN in (13), if the nilpotent block

(15)[1][6][8]. Lemma 4.d.
Lemmad4.c: _ Suppose that the pai(E, A) of square
Consider (15) with by matrices has the two canonical forms
fOC"(1,X"),n=1. Let v be the index I o1lJ o
- - v (E,A) ~ g ,  i=12

of the nil-potency ofN, i.e.,N" #0, and 0 Nllo |
N*'#20 Then (15) has th i |

0 an (15) has the unique where d;, i =1,2, is the size of the block

Y = — i £0)

solutionx=~> N . (16) 3 Then d, =d, and, furthermorey,’ = 0,

i=0
Proof : Let D be a linear operator which and N,”™ # 0 if and only if N,” =0and
maps a (continuously) differentiable NS 20
) .

function X to its derivative X. Then (15) Proof:  For the ch terist I il
b =yt roof: or the characteristic polynomia
ecomeNDx = x+ or [1][5] of two canonical forms, we have

(I -ND)x+ f =0. | 01 o caronical
BecauseN is nilpotent andN andD commute R (4) as M)

(N is constant factor), we obtain _det(/{l 0}_{% OD
00 . v-1 ) -
x=—(1-ND)* f ==S(ND) f=-3 N {0 O NJ LO |
=0 i=0 Al =3, 0
by using the Neumann series. = det 0 AN =1
Inserting into (15), gives i
v = = (-1 det@l -J,).
Nx-x= f==N> N f?+>' N )~ f=0, 1) ar=J)
i=0 i=0 Hence, p is a polynomial of degres.
or, Since the normal forms are strongly
_"z‘lNHlf(iﬂ) +‘§ Nf—f=0 equivalentp, and p, can only differ by a
= s S constant factor according to the proof of

thus showing that (16) is indeed a solution. Lemma 4.b. Thusd, =d, and the block
We can now make two important sizes in the canonical forms are the same.
observations looking at this Lemma. TheFurthermore, from the strong equivalence
firestone is, the solution is unique without[1][4][7] of the canonical forms it follows
specifying initial values or, in other words, that there exist nonsingular matric

the only possible initial condition &, is P, B, Q, Q.
given by the valuex from (16) att,. The IR, B,/ Q= Q. Q.

second one is, one must require thas at  partitioned  conformably,  such  that

leastv times continuously differentiable to ar -
confirm thatx is continuously differentiable. Ri B 10 } = P 0 {Qﬂ le}
O Nl_ QZl Q22

Thus we see that, the quantityplays an | Py, P, |[0 N,
important role in the theory of regular DAES gn(d

with constant coefficient[6][8]. r ar r
Definition el f el 0}:{31 0} QU Qﬂ}.
Let us consider a pai(E, A) of square [Py P»| O | 0 I]|Qy Qp

matrices that is regular and has a canoniciThus, we obtain the relations
form as in (13). The quantity defined by
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Ri=Q RN=Q, B~ NQ, B NQ, 01 10 0
and E={0 O , A=|0 1 , fe)=|-t
R, =3Qy R= JQ, RyJ= Q 0 1 -t
From this, we getP,, = N,B,J, and, by To find the solution set,

successive insertion &%, finally P,;= 0 by X X

the nil  potency of N,.Similarly, X=| X% and X=| %,
R.=3.Q,= JR,N,=0 due to X, X,

nilpotency of N, and alsoQ,, =0=Q,, for  Therefore, we have from the above system,

the similar reason. ThereforB, = Q,; and 0 1]|%|_ |1 O]|x% N 0
% | |0 1]x| |-t

P,, = Q,, must be nonsingular. In particular, |0 0

J, and J, as well asN, and N, must be d ol [ = Ny
siinilar. Tr21at proves oulr cIaim,zbecause thnan [ ] [Xg] []] {XS] [ ]

. ] Now, equatin the correspondin
Jordan canonical forms df andN, consist componentc_l, and %hen simplifying weF:\ave, 9
of the same nilpotent Jordan blocks. % =% +0
This shows that the block sizes of the { 2 =X , and 0=x,—t.
canonical form (13) and the index, as definec 0=x+ (-t%)
in Definition, are characteristic values for the _—
pair of square matrices as well as for the % );1
associated linear differential-algebraic Or, 4 X, =t
equations with constant coefficients. X, =t
Theorem 4.C.
Let the pair E, A of the square matrices be X =i(x2) =£(t3) _ap
regular and letP and Q be nonsingular dt dt
matrices which transform (9) and (10) to,, X, =3
Weierstrg canonical forn{4][8] i.e., '
[| o} [a o} H X% =t
PEQ= , PAQx , PE|
0 N 0 | f, Therefore, the solution is unique and given
and setQ_1X:{i(1} , Q_l)é — |:i(].0:| by x(t) = [Bt2 2 t]T1 independent of an
% %20 initial condition.

Furthermore, let v =ind(E, A and Remark _ _
fOocr(l. X" h h h It remains to consider what happens if a
(I.X"). Then we have the given matrix pair(E, A) is not regular, i.e.,

following: ; .

: . . . . if the matrices are not square or the
lTht;.;Idlfferentlal-algebra|c equation (9) IS characteristic polynomial (12) vanishes

solvable.

identically. In particular, we want to show

- that in this case the corresponding initial

and only if %,= ZNi 'fz(i)(to). in  value problem either has more than one
i=0

An initial condition (10) is consistent if

T solution or there are arbitrary smooth inhom-
particular, the set of consistent initial values©geneities for which there is no solution at all
X, is nonempty [1][5]. With the well-known superposition

) ] o - principle for linear problems we know that
Every IVP with consistent initial condition o  solutions of a inhomogeneous

is uniquely solvable problem[2][8] differ by a solution of the
_ homogeneous problem, this is equivalent to
Exam_ple. . . . . the following statement.
Consider the differential-algebraic equationTheorem 4.D.
Ex= Axt 1(9 with Let E, AOX™" and suppose thatE, A)

is a singular matrix pair.
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i. If
then the homogeneous initial value problem
Ex=Ax Xt)=0 a7
has a nontrivial solution.

i. If rank (AE=A) =n for some A 0X

and hencem> n, then there exist arbitrarily
many smooth inhomogeneitids for which
the corresponding differential-algebraic
equation is not solvable.

Proof:
rank(AE-A) <n somed 0 X.

LetA ,i =1,...n+ 1 be pair wise different
complex numbers. For evedy, we have a
v, OX"\ {0} with (AE-Avy =0 and

n+1

for

clearly are
linearly dependent.

complex numbes;,i =1,....

the vectov ,i=1,....
Hence,
n+1 not all
n+1
zero, such that)_av; =0
i=1
For the functiorx defined by
n+l

x(t):Zave (%)

we then havex(t,) =0 and

n+1

Ex() =) a,A Ey €

i=1

(t-t5)

n+1
=Y a,AEy e (18)
Since(AE- Ay =0 andv, O X"\ {0},
Therefore,(AE—- A =0fori=1,..n+1

Hence, equation (4.1.8) gives,
n+1

Ex(t) =D a; Ay €

i=1

Ji (t=t5)

n+l

—AZave (t-%)

= Ax(t) (SinceA OX"™{0} and constant)
Since x is not the zero function, it is a

nontrivial solution of the homogeneous initial
value problem (4.1.7). [1][4]

For the first case, suppose that,~" - . m
exists a nonsingular matriX 1 X™ ™such that

there exis
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rank(AE=A)<n forall A0 X, we havex(t) = "X )+ 1" X}

Then, 4.1) transformed
E(e"X)+A€' %)) = A8 €t
. ENE(()+AXND) = AdTK Y+ (),
. E(XO)+AXY = A+ €M (),
EX() = A(D-AX Y+ " (),

or, EX=(A-ABx+ é" }. (19)
Since A-AE has full rank En), there

to

(0]

=

o

=

or,

equation (19), multiplied from the left i,

gives

£ Jelo] o)

E, 0 f, (1)

Solving this system of equations, we have
Ex= X+ f(f),and E,x= f,(1).

The pair (E;, 1) is regular, implying that

EXx=X+1(0. X(t)=%

has a unique solution for every sufficiently

smooth inhomogeneityf, and for every

consistent  initial value. But then

f,(t) = E,X(t) is a consistency condition for

X

]

the inhomogeneityf, that must hold for a
solution to exist. But there exist arbitrarily
many smooth functionsf for which this
consistency condition is not satisfied.
[416]1[7]

Example:

Consider the differential-algebraic equation

Ex= Ax+ f(9) with,

01 10 f,
E= 1|, A= o, f=|f,
0 1 f,

The solution is derived as follows:

et =[0 1. A=[1 q. i=[1]

e {3 5 {0 11]

fs
Here the pai(El,A):([O :I] [1 q)

For the second case, suppose that there exitconsists of the rectangular block lahd the

an elementd such that rankAE — A) = n.

Since (E, A) is assumed to be singular, we Pair (E,A)=

havem> n.
Now  defining

X(t) = €' X9,

the function x

by

2] [2]) s oo

bidiagonal blockM; .
To find the solution set,
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X %
X=X, and X=X
Xq X
Case I: (1
For the homogeneous problem (17),
we have,
X, X, [2
[O 1] ) =[1 q , and
% %

NIOEHIE! °

Solving the above systems, we get,

X, =% ,%=0,and 0=x;.

This shows that the homogeneous problent?]
(17) has non-trivial solution.

Casell:

For the differential-algebraic  equation [5)
Ex= Ax+ (9 , we have the forms,

0 915 |- gkl ana
Sl -
Solving  this  systems, we  get [g]

X, =% + f1’X3: fzandxsz_fa

We here observe that for

Case Ill: the solution is independent of
initial values. For the solution to exist, we
need f, :—fs.The solution is not unique,
since any continuous differentiable function
X, can be chosen.

5 Conclusion
Starting with a new concept of DAE systems,
we have discussed the system with,,
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